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Abstract 

We define the dual of a set of generators of the fundamental group of an oriented two-surface 
Sg tn of genus g with n punctures and the associated surface S gin \D with a disc D removed. This 
dual is another set of generators related to the original generators via an involution and has the 
properties of a dual graph. In particular, it provides an algebraic prescription for determining 
the intersection points of a curve representing a general element of the fundamental group 
ni(Sg tn \ D) with the representatives of the generators and the order in which these intersection 
points occur on the generators. We apply this dual to the moduli space of flat connections on 
Sg^ n and show that when expressed in terms both, the holonomies along a set of generators and 
their duals, the Poisson structure on the moduli space takes a particularly simple form. Using 
this description of the Poisson structure, we derive explicit expressions for the Poisson brackets 
of general Wilson loop observables associated to closed, embedded curves on the surface and 
determine the associated flows on phase space. We demonstrate that the observables constructed 
from the pairing in the Chern-Simons action generate of infinitesimal Dehn twists and show that 
the mapping class group acts by Poisson isomorphisms. 



1 Introduction 



Moduli spaces of flat connections on orientable two-surfaces arise in many contexts. Our main 
motivation is their role as the phase space of Chern-Simons gauge theory, in particular the applica- 
tion to the Chern-Simons formulation of (2+l)-dimensional gravity with gauge groups ISO(2, 1), 
SL(2,C), SL(2,R) x SX(2,R)/Z 2 PUj. Although obtained as quotients of infinite dimensional 
spaces of flat connections on the surface, moduli spaces are finite dimensional, which reflects the 
topological nature of the underlying Chern-Simons theory. This absence of local degrees of free- 
dom allows one to parametrise them in terms of the holonomies of curves on the surface. This 
parametrisation provides a complete set of gauge invariant observables, in the following referred to 
as generalised Wilson loop observables, given as conjugation invariant functions of the holonomies. 
Furthermore, the parametrisation of the moduli space in terms of holonomies gives rise to an ef- 
ficient description of its Poisson structure discovered by Fock and Rosly 3 . In Fock and Rosly's 
formalism, the moduli space is parametrised by the holonomies along a set of generators of the 
surface's fundamental group and its Poisson structure is given by an auxiliary Poisson structure 
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on an extended phase space which is obtained by associating one copy of the gauge group to each 
generator. 

Due to its simplicity, Fock and Rosly's description of the moduli space has proven useful in the 
investigation of the phase space of Chern-Simons theory, in particular in the Chern-Simons for- 
mulation of (2+l)-dimensional gravity |3J [3]. Moreover, it serves as the starting point for the 
quantisation of Chern-Simons theory. Most quantisation approaches such as the combinatorial 
quantisation formalism for Chern-Simons theory with compact, semisimple gauge groups [HI El [HI 
and the related approaches in [HIE! for the case of, respectively, gauge group SL(2, C) and G tx q* 
are based on Fock and Rosly's description of the moduli space and take the holonomies along a set 
of generators of the fundamental group as their basic variables. 

The drawback of this description is that it obscures the geometrical nature of the theory and 
thereby complicates its physical interpretation. For instance, it is well known that the Poisson 
bracket of Wilson loop observables associated to closed curves on the surface is determined by the 
intersection behaviour of these curves, i. e. the number of intersection points and the associated 
oriented intersection numbers. It is shown in 5 for the Chern-Simons formulation of (2+1)- 
dimensional gravity with vanishing cosmological constant that this dependence on intersection 
points is crucial for the geometrical interpretation of the observables and the associated phase space 
transformations they generate via the Poisson bracket. However, in Fock and Rosly's formalism [3| 
based on the holonomies along a set of generators of the fundamental group, this dependence on 
intersection points is not directly apparent. The main reason is the lack of a direct link between the 
expressions of elements of the fundamental group in terms of the generators and the intersection 
points of their representatives on the surface. Given the expression of an element of the fundamental 
group in terms of the generators, it is in general difficult to determine how its representative 
intersects the representatives of the generators without explicitly drawing these curves on the 
surface. This difficulty manifests itself in Fock and Rosly's description of the Poisson structure, 
where one uses these expressions of in terms of the generators to calculate the Poisson bracket of 
the associated Wilson loop observables. 

This problem and its relevance for the physical applications are the main motivation of the present 
paper. We consider oriented two-surfaces S gn of general genus g and with n punctures and the 
associated surfaces S g<1 \D with a disc D removed and introduce the concept of a dual for a set of 
generators of the fundamental groups ni(S gtn ), iri(S gtr \D). This dual is another set of generators 
related to the original generators via an involution which has the properties of a dual graph. It allows 
us to keep track of the intersection points of general curves on the surface with representatives of the 
generators. More precisely, we show that for any element of the fundamental group iri(S g , r \D), the 
intersection points of a representing curve with the representatives of the generators of iri(S gtT \D) 
are labelled by the factors in its expression as a product in the associated dual generators and 
their inverses. Moreover, for elements with embedded representatives, this expression allows one 
to determine algebraically the order in which these intersection points occur on the generators. 

We then apply this duality for the fundamental group to Fock and Rosly's description [3| of the 
moduli space of flat connections. We find that, when expressed in terms of both, the holonomies 
along the original set of generators of the fundamental group and those along their duals, the 
Poisson structure takes a particularly simple form in which its dependence on intersection points 
is encoded algebraically and readily apparent. This allows us to derive explicit expressions for 
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the Poisson bracket of the generalised Wilson loop observables associated to embedded curves on 
the surface and to determine the flows these observables generate via the Poisson bracket. In 
particular, we consider the Wilson loop observables constructed from the pairing in the Chern- 
Simons action and show that the flows generated by these observables have the interpretation of 
infinitesimal Dehn twists. We thus give an independent re-derivation of Goldman's classic results 
in and generalise these results to surfaces with punctures. However, while the results in 
are presented in a more abstract and geometrical language, the formulation in this paper is purely 
algebraic. As it gives explicit expressions for the Poisson brackets of Wilson loop observables and 
the associated phase space transformations in terms of the holonomies along a set of generators 
of the fundamental group, our formulation provides a direct link with the description of the phase 
space and the quantisation formalisms in [!jl[71|Hl|!illlJE31- This may prove useful in the investigation 
of the associated observables and transformation in quantised Chern-Simons theory. Moreover, in 
the Chern-Simons formulation of (2+l)-dimensional gravity the explicit parametrisation in terms 
of holonomies allows one to establish a link with the geometrical formalism and to relate these flows 
to the geometrical construction of (2+l)-spacetimes via grafting |12j . 

The paper is structured as follows. 

In Sect. |21 we motivate and define the concept of a dual for a set of generators of the fundamental 
groups m(Sg >n ), m(S g>r \D) and investigate the involution which maps a set of generators to its 
dual. We show that the intersection points of a general curve on the surface S 9)7 \D with the 
representatives of the generators are labelled by the factors in the expression of its homotopy 
equivalence class in terms of their duals. 

In Sect. El we investigate the combinatorial and geometrical properties of the dual generators. For 
elements of iri(S gtJ \D) with embedded representatives, we show that their expression in terms of the 
dual generators allows one to algebraically determine the order in which these intersection points 
occur on the representatives of the generators. Furthermore, we demonstrate that the involution 
defines an (almost) unique assignment of these intersection points between the different factors in 
the expression of this element as a product in the original generators. We show how this assignment 
of intersection points corresponds to a graphical decomposition of the associated curve on S 9t1 \D 
into representatives of the generators. 

In Sect. El we apply the dual generators to the description of the moduli space of flat connections 
on 5 g ,n in terms of the holonomies of a set of generators of the fundamental group. We summarise 
the relevant facts about Chern-Simons theory and Fock and Rosly's description 3 of the moduli 
space of flat connections on S g<n . We show that Fock and Rosly's auxiliary Poisson structure can 
be cast in a particularly simple form when expressed in both, the holonomies along the original set 
of generators and their duals, and discuss how this reflects its dependence on intersection points. 
Finally, we determine the transformation of this Poisson structure under the involution that maps 
the original generators to their duals. 

In Sect. |21 we use this description of the Poisson structure to determine the Poisson brackets of 
the generalised Wilson loop observables associated to elements of A G iri(Sg tr \D) and conjugation 
invariant functions on the gauge group. For Wilson loop observables associated to elements with 
embedded representatives, we derive the flows on phase space these observables generate via the 
Poisson bracket. By using both, the graphical assignment of intersection points and the order- 
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Figure 1: The generators of the fundamental group TTi(S gt1 \D) 



ing algorithm given in Sect. we then obtain explicit expressions for the transformation of the 
holonomies along our set of generators in terms of the expression of A as a product in the generators 
of iTi(Sg jr \D) and their duals. 

In Sect. El we consider a set of generic Wilson loop observables associated to the Ad-invariant 
symmetric bilinear form in the Chern-Simons action. We show that the flows generated by these 
observables represent infinitesimal Dehn twists and that the mapping class group Map(<S 9)n \.D) 
acts by Poisson isomorphisms. We then use this identity to determine the transformation of Fock 
and Rosly's Poisson structure under a general automorphism of the fundamental group ni(S 9i1 \D) 
which acts on the punctures by conjugation and maps a curve around the disc to itself or its inverse. 

Sect. [7] contains our outlook and conclusions, and in the appendix we list a set of generators for 
the mapping class groups Map(Sg tT \D), Map(5 5in ). 



2 The dual of a set of generators of the fundamental group 

In this paper we consider orientable two-surfaces S g , n of genus g and with n punctures and the 
associated surfaces S 9j1 \D obtained from 5 s>n by removing a disc D. Both the fundamental groups 
7Ti(5 s>n ) and TTi(Sg j7 \D) are generated by the homotopy equivalence classes of a set of loops mi, 
i = 1, . . . , n, around each puncture and two curves cij,bj, j = 1, . . . , g, for each handle as shown 
in Fig. ^ While the fundamental group ir\ (S g>r \D) is the free group generated by the homotopy 
equivalence classes of mj, ctj, bj 

ni(Sg,r\D) = {mi, . . .,m n ,ai,bi, . . .,a g ,b g ), (1) 
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the fundamental group Tri(S gtTl ) is obtained by imposing a single denning relation 



7Ti(5 fll „) = (mi, . . . ,rn n ,ai,bi, . . . 
[bi, ] =ho aj 1 o frr 1 o m, 



a g ,b g ; [b g ,a g x ] o . . . o [6i, a x l ] o m n o . . . o mi 



1) 



(2) 



which amounts to the requirement that the loop around the disc D representing 



mo = a p *] o . . . o [bi, a 1 1 ] o m n o . . . o mi 



(3) 



is contractible. Throughout the paper, we work with a fixed set of generators as depicted in Fig. Q 
and representatives based at a fixed point p G S g>n , p G S g>r \D, which all homotopies keep fixed. 
In the following we will often not mention the dependence on the basepoint explicitly and do not 
distinguish notationally between curves on the surfaces S g>n , S gjT \D and their equivalence classes 
in the fundamental groups ni(Sg in ), ni(Sg ;r \D). We will also denote by the same letter elements 
of the fundamental group ni(S g>r \D) and the corresponding elements of ni(Sg )n ) obtained via the 
canonical map iri(S gtr \D) — ► iri(S gtn ). 

To define the dual of a set of generators of the fundamental groups 7Ti(5 Sin ), 7Ti(5 5jn \Z?), we first 
establish the desired properties of this dual and then address its existence and uniqueness. Heuris- 
tically, the dual of a set of generators {mi, . . . , m n , ai, &i, . . . , a g , b g } of the fundamental groups 
^i(Sg >n ), -Ki(Sg tr \D) should be another set of generators {mi, . . . ,m n ,ai,&i, . . . ,a g ,b g } related to 
the original generators by an automorphism / G Aut(7Ti(S' 9)n )), I G Aut(7ri(5 9in \D)) and with the 
following properties. 

1. The dual of the dual set of generators should be the original set of generators, i. e. the 
automorphism / should be an involution J 2 = 1. 

2. The dual set of generators should be geometrically equivalent to our original set of gener- 
ators, i. e. the representatives of the original and the dual generators should be related by 
homeomorphisms of Sg jn , S 9j7 \D. In other words, we require an involution / G Aut(5 5jn \D) 
which is induced by a homeomorphism of S 9;r \D which fixes the punctures as a set and the 
boundary of the disc and which induces an involution of iri(S g , n ) associated to a homeomor- 
phism of S gn which fixes the punctures as a set. Results from combinatorial group theory 
and geometric topology (see for instance Theorems 3.4.5, 3.4.6, 3.4.7 in JH]) imply that is 
the case if and only if the automorphism / G Aut(Sg tr \D) satisfies 

I{nii) = Wim e ^w~ I(m D ) = wm^w^ 1 u(wx)ei = ... = u(w n )e n = u(w)e G {±1} (4) 

where Wi,w G ni(Sg 7 r\D), e, e« G {±1}, cr G S n is a permutation of the punctures and to(x) = 1 
if x G m(S giT \D) corresponds to a separating curve and oj(x) = —1 otherwise. By applying 
an inner automorphism of r K\{Sg )1 \D) which conjugates all elements with a fixed element A G 
ftl(S gtT \D), we can set w = 1 in Q, which we will assume in the following. The corresponding 
homeomorphism is orientation preserving and orientation reversing, respectively, if e = 1 and 



3. Finally, we require that the dual of our set of generators of the fundamental group should 
have properties similar to those of a dual graph and should allow one to keep track of the 
intersection points of general curves on the surface with our set of generators rrii,aj,bj. The 



e = -1. 
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intersection points of a general curve on the surface with the representatives of the generators 
mi, aj, bj should be labelled by the factors in the expression of its homotopy equivalence class 
in terms of the dual generators. As the expression of a general element in terms of the dual 
generators is unique only for the fundamental group TTi(S g , r \D), we impose this condition 
on the involution / G Aut(7ri(S g<J \D)). More precisely, for each element A G iri(Sg !T \D) we 
consider the unique expression of A as a reduced word in the dual generators rrli , aj , bj 

A = ■ ■ ■ x" 1 = I(x" r • • • x" 1 ) x k e{mi,...,bg},x k = I(xk),a k e{±l} (5) 

with x^ fe 7^ x k for k = 1, . . . , r — 1 and require that the intersection points of a curve rep- 
resenting A with the representatives of the generators aj, bj are in one-to-one correspondence 
with factors x k = aj, x k = bj in Q. For the generators m; associated to the punctures, we 
require that each factor x k = rrii in © corresponds to a pair of intersection points of this 
curve with a representative of vrti. 

Together the first and the second requirement determine the involution / G Aut(iri(Sg }r \D)) up to 
composition I \— » p o I with an automorphism p G Aut(7Ti(S' ff)r) \Z))) which satisfies (JIJ with w = 1 
and the additional condition 

p- 1 = I pi. (6) 

The third requirement defines / up to conjugation with an automorphism p G Aut(7ri(5 9jTl \D)) 

1 1— ► p o I o p , (7) 

which satisfies (@J with w = 1, since the intersection points of p(x), x G {m\, . . . ,b g }, with p(X) 
correspond one-to-one to intersection points of x with A and are labelled by the factors in the 
expression of p(A) as a reduced word in po I o p~ l (rrii), po I o p~ l (aj), po I o p~ l (bj). Furthermore, 
all involutions conjugated to a given involution / in that way are obtained from automorphisms 
p G Aut(7ri(S 9jn \Z))) which satisfy (J1J) with e = 1. We will discuss in Sect. that such automor- 
phisms of TTi{Sg :1 \D) represent elements of the mapping class group Map(S 9jn \-D). Hence, two 
involutions satisfying the requirements above and related by conjugation with such an automor- 
phism correspond to the choice of an alternative set of generators {p{m\), . . . , p(b g )}, and we have 
the following theorem. 

Theorem 2.1. The requirements above determine the involution I G Aut(TTi(S gtr \D)) uniquely up 
to the initial choice of the generators of TTi(S gjr \D). 

After formulating our concept of the dual of a set of generators of the fundamental group -K\(Sg yn ), 
-Ki{Sg :1 \D) and discussing its uniqueness, we will now demonstrate that such a set of generators 
with the required properties exists. We define an automorphism / G Aut(iri(Sg !T \D)) explicitly by 
its action on the generators rrii,aj,bj and then verify that it satisfies the requirements above. 

Lemma 2.2. Let I G Aut(Sg t n\D) be defined by its action on our set of generators 

I{rrii) = rrli = m i l ■ ■ ■ m ^-\ ° ° m i-i • • • ° m i (8) 
/(aj) = ~a~j = m^ 1 o . . . o m^ 1 o h^ 1 o . . . o hj^hj 1 o bj o hj-i o . . . o h\ o m n o . . . o m\ 
I(bj) = bj = m^ 1 o . . . o m^ 1 o h^ 1 o . . . o hj^ o hj 1 o aj o hj—i o . . . o h\ o m n o . . . o ra\ 
with hj = [bj, aj 1 ] = bj o aj 1 o bj o aj. 
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Figure 2: The generators and dual generators of the fundamental group TTi(S gtr \D) 

Then, I is an involution and satisfies the requirements (jlj with w = 1, e = — 1. It therefore arises 
from an orientation reversing homeomorphism of S gjT \D and induces an automorphism ofiri(Sg tn ) 
which arises from an orientation reversing homeomorphism of S g n . 

It remains to show that the dual generators rfii,aj,bj defined by (JSJ) are dual to our original 
generators rrii, aj, bj in a geometrical sense, i. e. that they satisfy the third requirement and allow 
us to determine the intersection points of a general element A E iri(S gir \D) with the generators 
rrii,aj,bj. For this, we consider a set of representing curves on S g<r \D as depicted in Fig. EJ and 
note that the curves representing the generators a,j,bj, respectively, intersect only aj and bj, in a 
single point. Similarly, the representatives of the generators rrii intersect only rrii, but in two points 
and with opposite oriented intersection numbers. 

To explore the geometric properties of the dual generators further, we cut the surface S gt7 \D along 
a set of curves representing the generators rrii,aj,bj E iri(S gjT \D) as shown in Fig. El We then 
obtain n punctured discs Dj and a simply connected (4g + n + l)-gon Pg° n depicted in Fig. 0J Each 
of the corners Xi, i = 0, . . . ,n + 4g, of the polygon corresponds to the basepoint p E S gj7 \D. 
The side between xq and x n+ 4 g represents the boundary of the disc D, the sides between x$_i and 
Xi, i = 1, . . . , n, the generators rrij, and the remaining Ag sides a,j,a'j, bj, bj correspond pairwise to 
the generators a,-, bj, j = 1, . . . , g. In the following it will be useful to represent the generators rrii 
by a curve obtained by composing an arc from the basepoint p E S 9t1 \D to the ith puncture and 
an infinitesimal circle q around the puncture as shown in Fig. [3J This yields a subdivision of the 
side rrii into three segments Vi,v\, Ci as shown in Fig. 0J 

We now consider the oriented segments x^Xk from the corner xq to corners Xk, k = 1, . . . , n + Ag of 
the polygon P® n - Each of these segments represents a certain element of the fundamental group 
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Figure 3: Cutting the surface S 9tT \D along the generators of the fundamental group 7ri(5 ff)n \Z?) 




Figure 4: The polygon 
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Figure 5: The decomposition of a generator rrii into an arc V{ and an infinitesimal circle q 

TTi(Sg t r\D) which is given in terms of the generators rrii, aj, bj and their duals by 

xqX{ = rrn o . . . o m\ = mj 1 o . . . o m^ 1 for 1 < i < n (9) 
xox n +4j-3 = a,j o hj-i o . . . o hi o m n o . . . o mi = w^f 1 ° • • • ° ™n 1 ° ^i 1 ° • • • ° hj-i ° ° bj ° aj 
XoXrH-47-2 — bj 1 o ^ o hj-i o . . . o hi o m n o . . . o mi = m^ 1 o . . . o m^ 1 o n x 1 o . . . o o aT 1 o 
XQXn+ij-i — aj 1 ^J 1 a j fyj'-i ■ • • hi o m n o . . . o mi = m^ 1 o . . . o m^ 1 o fo x 1 o . . . o o aj 
x o x n+4j — hj o hj-i o . . . o hi o m„ o . . . o mi = m^ 1 o . . . o m^ 1 o /i 1 1 o . . . o hj for 1 < j < g. 

Both, the generators rrii,aj,bj and their duals mi,aj,bj are obtained by composing two segments 
xoXk- For the generators associated to the punctures this representation is unique 

rrii = (x Q Xi) o (xoXi-iy 1 m, = (x^Xi)" 1 o (x Xi-i), (10) 

while there are two possibilities for each generator aj, bj, a,j,bj 

aj =(x X n+ 4j_ 3 ) o (xoX„ + 4j_4) _1 = {x X n+ 4j-2) ° {x G X n+ 4j-i)~ l (H) 
aj ={xQX n+4j ^iY l o (x X n+ 4j-4) = {xQXn^j^y 1 ° {XQXn+ijs) 

bj =(x X n+4j ^ 3 ) o (x X n+4 j_2) _1 = (x X n+ 4j) o (xoXn+ijsy 1 (12) 
bj =(x X n+ 4j-iy 1 o (x X n+ 4j- 2 ) = {xoXn^y 1 o (x X n+ 4j_ 3 ). 

To demonstrate that the dual generators rrii, a j, bj allow us to determine the intersection points of 
general embedded curves on Sg jT \D with the generators rrii,aj,bj, we consider an embedded curve 
c : [0, 1] — > S g ^r\D, c(0) = ca(1) = <? which does not contain the basepoint p 6 S 9jr \D. Furthermore, 
we require that c has a minimum number of intersection points with the representatives of the 
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Figure 6: A curve representing A = a { o bi o aj o 6j on 

generators rrii,aj,bj, i. e. that the number of intersection points cannot be reduced by applying a 
homotopy which fixes the basepoint. 

After the surface S gjT \D is cut along the representatives of the generators rrii,aj,bj, the curve c 
gives rise to a set of oriented segments k, i = 1, . . . , r+1 on the polygon P® n as shown in Fig. El We 
denote the starting and endpoints of the segments l{ by, respectively, Si and U. With the exception 
of the starting point of the first and the endpoint of the last segment s± = t r = q, all other starting 
and endpoints lie on the sides mi, aj,a'j, bj, bj of P£ n - Without changing the homotopy equivalence 
class of c, we can ensure that all intersection points with the sides of P® n representing the generators 
nii occur on vi or v\. For segments Ij. which end on vi or v\, the next segment lk+i then starts at 
the corresponding point on v[ and v%, respectively. Similarly, for segments that end in a point on 
a side aj or bj, the next segment then starts in the corresponding point on a'j or bj and vice versa. 

We can now move the starting and endpoints of the segments Ik towards the corners of the polygon 
P® n - For each segment ending on a side mi, we have t& = Xj_i, Sk = X{ if G V{ and i& = X{, 
Sk+i = if tk £ v[. For a segment Ik ending in a side aj, we can either move its endpoint tk 
to the starting point of aj and hence the starting point Sk+i to the starting point of a'j or move 
tk and Sk+i to the endpoints of respectively, aj and a'j. The first possibility yields tk = £ n+ 4j_4, 
Sfc+i = x n+ 4j_i, the second = x n+ 4j_3, s^+i = x n+ 4j_2, and the corresponding expressions for a 
segment ending on a'j are given by exchanging tk and Sk+i- Similarly, for a segment Ik ending on a 
side bj, we can move its endpoint tk and the starting point Sk+i to either the starting points of bj and 
bj, which implies tk = x n+ 4j_2, Sk+i = x n+ $j-i or to their endpoints which yields tk = x n +4j_i, 
Sk+i = x n+ 4j. Using the decomposition (fTU|) . (fTTj) . (|T2|) of the dual generators in terms of the 
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segments connecting the basepoint with the corners of the polygon P gn , we then obtain 

> n 
> n 

,9 (13) 
,9 

■9 

,9- 

Note that the two possibilities of moving points on sides aj,a'j,bj,bj to either the starting point 
or to the endpoint of the sides aj,a'j,bj,bj correspond to the two different expressions for aj,bj in 
GU), dH- 

By expressing the segments l k on the polygon P^ n in terms of the segments xqs^, %otk, we find 
that the homotopy equivalence class of c is given by 

c = l r+ i o l r _ x o . . . o Zi = (x q) o (xoSr+i) -1 (xot r ) o (x s r ) _1 (2;ot r -i) o . . . o (x s 2 )~ 1 (x t 1 ) o (qx ), 

(14) 

where xoq stands for a segment connecting the point q with the basepoint xq. By inserting identity 
(|13l) into this expression we then obtain the unique expression of the homotopy equivalence class of 
c as a reduced word in the dual generators m.i,aj, bj. As the starting and endpoints of segments l k 
correspond to intersection points of c with the generators rrii, aj, bj, this implies that the intersection 
points of c with the representatives of aj, bj are in one-to-one correspondence with factors aj, bj in 
the expression of the homotopy equivalence class of c as a product in the dual generators ~a~j,bj. 
Similarly, each factor corresponds to a pair of intersection points of c with a representative of rrii. 
Furthermore, if we define the oriented intersection number e(A, n) of two curves A, rj € -Ki(S gtr \D) to 
be positive if rj crosses A from the left to the right in the direction of A, we find that the exponents 
of rh~i,aj,bj in IJ13JI determine the oriented intersection numbers associated to these intersection 
points. We obtain the following theorem. 

Theorem 2.3. Consider an element A € ni{q, S 9) n\D) = TT\{p, Sg iT \D) with an embedded repre- 
sentative which intersects the generators mi,aj,bj in a minimum number of points. Express A as 
a reduced word in the generators mi,aj,bj € iri(Sg t1 \D) 

\ = x? r ---x^ 1 x k E{mi,...,m n ,a 1 ,bi,...,a g ,bg},a k e{±l}. (15) 

Then, the intersection points of the curve representing A with the generators aj,bj are in one-to- 
one correspondence with factors x k = aj, x k = bj in the expression (fT3)) , The associated exponents 
afc determines the oriented intersection number a k = e(aj,X) for x^ = Hj, = —e(bj,X) for 
~x~k = bj . Similarly, each factor Xk = rrii in (|15|) corresponds to a pair of intersection points of A 
with the generator m; with opposite intersection numbers, and the exponent gives the oriented 
intersection number of the intersection point which occurs first on mi . 

The expression of an element A € iri(S gtr \D) as a reduced word in the dual generators mi,a,j,bj 
therefore determines the intersection points of its representatives with the representatives of the 
generators nii,aj,bj and the associated oriented intersection numbers. Note that since we require 



(x Sfc+i) {xotk) 



771 j 


if 


i/i € Vi,i 


= 1, 


rn i 


if 




— 1 

— X ! 


Hj 


if 


tk G aj,j 


= 1, 




if 


tk e a'j,j 


= 1, 




if 


tk e bj,j 


= 1, 




if 


tk € b'j,j 


= 1, 
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that homotopy does not move the basepoint, each curve on S 9j1 \D corresponds to an element 
A G TTi(S g>r \D) and not a conjugacy class [A] = {tAt -1 | r G 7Ti(S gjr \D)}. Different elements of 
a conjugacy class [A] therefore have different numbers of intersection points with the generators 
rrii,aj,bj. In particular, we find that this number is minimal for those elements of [A] which are 
represented by a cyclically reduced word in the generators rrii,aj,bj, i. e. expressions of the form 
(|T5|) with sg* / x^ ai . 



3 The algebraic properties of the dual generators 
3.1 The polygon picture: ordering the intersection points 

After showing how the expression of a general element A € iri(S gtr \D) as a reduced word in the 
dual generators rrii , Hj , bj determines the number of its intersection points with the generators 
rrii,aj,bj and the oriented intersection numbers, we will now demonstrate that for elements with 
embedded representatives it also determines the order in which these intersection points occur on 
each generator rrii,aj,bj. Moreover, we show that the dual generators allow one to assign these 
intersection points (almost) uniquely between the different factors in the expression of A as a 
reduced word in the generators rrii, a,-, bj and that this assignment of the intersection points can be 
implemented via a graphical procedure. 

In the following we assume that A € iri(S gt n\D) has an embedded representative and that its 
expression (|Tojl as a reduced word in rni,cLj,bj is also cyclically reduced x° r ^ x^ ai . To determine 
the order in which the intersection points of A with the generators rrii,aj, bj occur on each generator, 
we determine the order of the associated points on the sides of the polygon P® n . For this, we recall 
the discussion from the last section, where it was shown that after cutting the surface S 9tr \D along 
the generators rrii, dj, bj, a curve representing A gives rise to a set of segments on the polygon P^ n - 
Each factor x^ k in the expression l|T5jl of A as a cyclically reduced word in the dual generators 
corresponds to two intersection points of A with the sides of polygon Pg° n - One of these intersection 
points is realised as the endpoint of a segment Ik and the other one as the starting point s^+i 
of the next segment lk+i, and the factor x^ k identifies these points. This implies that intersection 
points of a representative of A with the sides of the polygon P^ n are in one-to-one correspondence 
with cyclic permutations of A and its inverse. This allows us to identify the intersection points 
{ii, s%, • • • > s r , t r , s r+ i} on polygon P^ n with elements of the set of cyclic permutations 

CPerm(A) = {A fc I fe = 1, . . . ,r} U {(A fc ) -1 \k = l,...,r} (16) 
where X k = a£* • ■ ■ x^x^ ■ ■ ■ x^ 1 , k = l,...,r, (17) 

by setting 

P : {ti, s 2 , h, ■ ■ ■ , s r ,t r , s r+ i} — ► CPerm(A) (18) 
P{t k ) = h-i P(s fc+ i)=A^ 1 k = l,...,r. 

We find that an intersection point p G {ti, s%, t2, ■ ■ ■ , s r , t r , s r +i} of a representative of A with the 
boundary of the polygon P® n lies on a side a,j,bj, respectively, if the last factor in P(p) is Ej, bj 
and on a!j,b'j if it is aj 1 , bj 1 . Similarly, an intersection point with a side mi lies on V{ and v$, 
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respectively, if it is rrij and m- 1 

p£aj^ LF(P(p)) =aj p G bj O LF(P(p)) =bj pevi<^ LF(P(p)) = rrli (19) 
p(£a' j ^LF(P(p))=aj 1 p G bj- LF(P(p)) =bj 1 p G ^ <^ LF(P(p)) = m^ 1 . 

Furthermore, we note that if p = is the endpoint of the segment the starting point of the 
segment lies on Vi,aj,bj, respectively, if x k "j 5-1 = LF(P(p)~ 1 ) is rrii,aj,bj and on v'^a'^b'- if 

it is m^ 1 , aj 1 , 6j 1 . Similarly, if p = Sk+i is the starting point of the segment lk+i, its endpoint 
t k+ i lies on v i} aj,bj if = LF(P(p) _1 ) = Mi,aj,bj and on v'^a'^bj for = LF(P(p) _1 ) = 

m^ 1 jTIJ 1 ^bj 1 . Hence, the last factor LF(P(p) _1 ) of P(p)~ l determines the location of the other 
end of the segment which contains p. 

To pursue this reasoning further, we consider the elements Xp G CPerm(A) obtained as cyclical 
permutations of Ap 1 "* = P(p) 





■ ■ x l 1 x^ r • ■ ■ x k _ s _£ 1 p — tk 

ak + a . . . Tf-ar^-a! -a k+s _ 1 



k,s = l,...,r (20) 



where we identify r + s = s, —s = r — s. By inspecting the associated segments on the polygon 
P^ n , we find that for if p = is the endpoint of the segment 1^, the last factors in X p s ^ and 
(Ap . respectively, determine on which side of the polygon P^ n the endpoint tk- s +i of the 
segment h-s+i and the starting point s^+s-i of the segment lk+ s -i are located. Similarly, for 
starting points p = s^+i, the last factors in X p s ^ and (A^)" 1 give the location of, respectively, the 
starting point Sk+ S and the endpoint ifc+s- 

We now consider the intersection points of a representative of A with the sides of the polygon P® n 
with the ordering obtained by traversing the boundary dP® n counterclockwise starting at Xq. Note 
that this ordering is unique, since embedded curves are represented by non-intersecting segments 
on P^ n and exchanging two intersection points would give rise to an intersection of the associated 
segments. For two intersection points p,q G {ii, S2, £2, • • • > s r , t r , s r +i} which are located on different 
sides of polygon or on different parts t>i,t>- of a side mi, it follows from Fig. HI that V occurs before 
q if and only if the side containing p occurs before side containing q. Since these sides are given by 
last fac 
only if 



last factors in the associated cyclic permutations P(p) = X p X \ P(q) = Xq , this is the case if and 



LF(A p 1 ))< D LF(A«) (21) 

with respect to the ordering 
h > D ag 1 > D b g > D a g > D b~_ 1 > D . . .> J>^> D a^> J>i> D a x > D m- l > D m n > D . . > D rfq; x > D m\. (22) 

We now consider the case where bothp and q are either located on the same side x G {ai, a^, . . . , b g , b' g } 
of the polygon P® n or, in the case of the punctures, on a single segment x G {v\, v[, . . . ,v n ,v' n }. This 
is the case if and only if the last factor in the associated permutations agree LF(A P 1) ) = LF()Jp). 
The fact that the associated segments cannot intersect then implies that the order of p and q de- 
pends on the location of the other end of these segments, which we will denote by p' , q' and which 
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are given by LF((a{, 1) )- 1 )> LFftAfV 1 )- Note that the fact that expression (|15() for A is cyclically 
reduced implies that p' and q' cannot lie on the side x 

LF(AW) /LF((AW)- 1 ) Vp£{t 1 ,s 2 ,t 2 ,...,s r ,t r ,s r+1 }, s = l,...,r. (23) 

If we have LF((A^ 1 V 1 ) + LFftA^) -1 ). thenp' and q' are located either on different sides of Pg° n or 
on different parts Vi,v[ associated to a side m^. By drawing the associated segments on the polygon 
P^n, we then find that p occurs before q if either p' is located on a side before side x and g' on 
side after x or if both the sides containing p' and q' occur before or after x with the one containing 
q' before the one for p' . This can be implemented by defining an ordering > x of the set of sides 
{vi,v[, . . . ,b g , b' g } — {x} obtained by removing the factor associated to x from the ordering (|2*2*|) 
and performing a cyclic permutation which moves the factors to the right of the factor associated 
to x in (|2*2*|) to the left. Explicitly, we have for the factors fn i 1 ,aj 1 ,bj 

rr\\> m Mi-\> mi .. > m Mi> m F g > mi a~ 1 > m fig> m .a g > m .. . ■> m jn^> m jn i+ i> m jnT l (24) 
m> _ 1 m^l 1 1 > _ 1 m i _i> _ t ...> _ 1 m 1 > 6 > _ 1 a ( 7 1 > _ 1 b g > _ 1 a g > _ t . . ■> _ 1 mj+i 

i i % i % % % % % i 

^"-i>. J 3 7-i>-/j-i>aj 5 i-i>. J - ■ ■>» J "»i>a i 5 J 1 >« J - • • v . , 77 / - : >a 71 j *'- J>.i 

bj> _ ± aj> _J> j _i> _!a7ii> _A-i> _iSj-i> _i - > _i»Si> _A > _!•••> -iOj+i> -J>j 

3 3 3 3 3 3 3 3 3 3 3 

«i>6^-i>6/7ii> 6 /i-i>i, 3 .%-i>6-- ■> bj m i> b t>g 1 > bj -- >i 3 $j+i>bj>j 1 >h j *j X 



The intersection point p then occurs before g on x if and only if and only if the last factor 
LF((Ap 1 ^) -1 ) is greater than the last factor LF((A g with respect to the ordering associated to 
the side x 

LF((A«)- 1 ) >. LF((A«)- 1 ). (25) 

Finally, we consider the case where both p, q are located on a side x of P® n and the other ends 
of the associated segments both lie on another side y G {v\, v[, . . . , b g , b' g } — {x}. This is the case 
if and only if LFftA^) -1 ) = LFftA^) -1 ) or, equivalently, LF(A p 2) ) = LF(A^ 2) ). Then fact that 
segments cannot intersect implies that p occurs before q on x if and only if q' occurs before p' on 
y. We then consider the corresponding points p", q" on the side y' of the polygon P® n identified 
with y. As the orientation of two sides y, y' in Fig. 0] are the opposite, we find that q' occurs 
before p' on y if and only if p" occurs before q" on y'. Hence, we can repeat the reasoning of the 
last paragraphs for the points p" and q". In the case where the original intersection point p is an 
endpoint p = t^, the corresponding point on y' is the endpoint p" = of the previous segment, 
and for a starting point p = Sk+i it is the starting point of the next segment p" = Sk+2- Hence, 

(2) (2) 

the side containing p , q" is given by the last factors in A p ,Xq and other ends of the associated 
segments by last factors in (A p 2 ^) _1 , (A g If these ends are located on different sides, we have 
LF((A p 2 ' ) )~ 1 ) ^ LF((A^) _1 ) and p occurs before q if and only if 

LF((Af)- 1 ) > LF((Af)- 1 ). (26) 
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Otherwise we apply the same reasoning to the intersection points associated with X p , X q . By 

(s) (s) 

repeatedly applying this argument to the permutations X p , X q with increasing s, we either obtain 

(k) (k) ,rm 

permutations X p , X q whose last factors differ or the expression (|15|) of A as a cyclically reduced 
word in the dual generators m,i,aj,bj is periodic A = q k , 1 < k < r, with a cyclically reduced word 
q = ys s ■ ■ ■ Tii 1 in rrii,aj,bj. However, it is easy to see that periodic words cannot have embedded 
representatives. The representation of A = q k by segments on the polygon PP n is obtained from the 
representation of q by drawing each of the segments associated to pairs of factors in q k times and 
omitting the segment associated to yf 1 and s . One then has to add k segments each connecting 
one of the k points associated to factor yf 1 with one of the points associated to 3 . However, it is 
clear that it is impossible to do this without creating intersections of the segments. 

Hence, the algorithm described above terminates and there exists a k G {1, . . . ,r — 1} such that 
LF(a£°) = LF(A$ s) ) for s < k and LF^A^V 1 ) + LF((A? ) )- 1 ). The intersection point p then 
occurs before q if and only if the last factor LF((Ap fc ^) _1 ) is greater than the last factor LF((A^) _1 ) 

with respect to the ordering > ... , and we obtain the following theorem. 

lf(aW) 

Theorem 3.1. Consider an element X G iri(S g-r \D) with an embedded representative and two 
intersection points p,q G {ti, S2,t2, ■ ■ ■ , s r ,t r , s r +i} of this representative with the polygon Pg° n - 

(s) (s) 

Denote by Xp , X q the cyclic permutations of X and its inverse assigned to the points p and q as 
defined in (|20|) . Then, the intersection point p occurs before q with respect to the ordering obtained 
by traversing the polygon P® n counterclockwise starting at x$ if and only if either 

LF(XW) < D LF(X^), (27) 

in which case the points p, q are located on different sides of the polygon P^ n or on different parts 
Vi^v'i of a side nii, or 

3fc€{l,...,r-l}: LF(X^) = LF(X q ^)\/ S <k, ^(A?))" 1 ) > LF((X^y l ). (28) 

LF(\ p ) 

Hence, for any element A € tti(S 9i7 \D) with an embedded representative, the unique order in 
which the starting and endpoints of the associated segments occur on the polygon P® n gives rise 
to an ordering of the set of cyclic permutations CPerm(A) defined by the conditions (|27|) . (|28]> . 
In particular, this induces an ordering of the intersection points of A with each of the generators 
mi,aj,bj £ iTi(Sg !r \D). Intersection points of A with the generators aj,bj are in one-to-one cor- 
respondence with intersection points of A with the sides aj, bj of P® n and therefore with elements 
r G CPerm(A) satisfying, respectively, LF(r) = Hj and LF(r) = bj. Taking into account the ori- 
entation of the sides aj , bj on P^ n we find that the order in which these intersection points occur 
on aj agrees with the one on the polygon, while for bj it is the opposite. Similarly, intersection 
points of A with the generator nii correspond one-to-one to intersection points of A with the seg- 
ments Vi and v[ and hence to elements r G CPerm(A), LF(r) = m^ 1 , and the order in which these 
intersection points occur on the generator m-j is the order of the corresponding points on P^ n . 
We therefore obtain a purely algebraic procedure, which allows one to determine the number and 
order of intersection points of general embedded curves on S 9tr \D with the representatives of the 
generators nii,aj,bj and the associated oriented intersection numbers from the expression of its 
homotopy equivalence class as a reduced word in the dual generators mi,a,j,bj. 
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3.2 The surface picture: assigning the intersection points between different 
factors 



The involution / € Aut(ni(S gi n\D)) not only allows us to determine the number and order of 
intersection points of elements A 6 7ri(S^ jn \D) with embedded representatives with the generators 
rrii, a,j, bj but also assigns this intersection points (almost) uniquely between the different factors in 
the expression of A as a reduced word in the original rrii, a j, bj. Furthermore, we will show that this 
assignment of intersection points can be implemented by graphically decomposing a representative 
of A into curves representing rrii, cij, bj. 

The idea is the following. We consider the expression (|15|) of A as a reduced word in the dual 
generators rrii > > bj and the intersection point or pair of intersection points associated to a fac- 
tor x^ k in (|15|) . We then split the expression of this factor as a reduced word in rrii,aj,bj into 
two reduced words x^ k = W2W1, which correspond to the two segments on the polygon P^ n in 
the decompositions pUjl. (fTT|) . ((T2|) . If yi and y\, respectively, denote the expressions of the ele- 
ments w\x^ k Si ■ ■ -x" 1 € iri(Sg :T \D) and x^ r ■ ■ -x^ 1 ^ £ ^i(S g:7 \D) in ((T5|) as reduced words in 
rrii, aj, bj, the product A = y2V\ then gives an expression of A as a reduced word in the generators 
rrii,aj,bj and we assign the intersection point or pair of intersection points corresponding to x^ k 
between the reduced words ?/2 an d y\ in this expression. 

However, it is a priori not guaranteed that the product of the reduced words y2,yi in rrii,aj,bj 
agrees with the expression of A as a reduced word in rrii, aj, bj, since it is possible that this product 
is not reduced. This is the case if and only if the reduced words y2,yi are of the form y<i = zix e , 
y\ = x~ e z±, where x G {m\, . . . , b g }, e £ {±1} and z\, Z2 are reduced words in m;, cij, bj. In order 
to obtain a well-defined assignment of the intersection points between the different factors in the 
expression of A as a reduced word in m; , aj , bj , we therefore have to show that this situation can 
be avoided. Furthermore, since there are two ways of splitting the factors ~a~j,bj in (|12|). the 
question arises if the requirement that the resulting expression for A is a reduced word in mj, aj, bj 
removes this ambiguity in the splitting. It turns out that up to a small residual ambiguity, this 
is the case. We obtain an almost unique assignment of intersection points between the different 
factors mi,j , bj in A which is summarised in the following theorem. 

Theorem 3.2. Consider an embedded element A € iri(S g ,n\D) and a factor x? k in its expression 
(J15|) as a reduced word in the dual generators rrii , cij , bj ■ 

1. Ifxk = rrii, split the factor according to 

rrii = {m\ • • • )( m *-i ' ' ' m i) (29) 

and let yf s • • • yf^ 1 and y^ 1 ■ ■ ■ _1 , yk £ {mi, • • • , b g }, 0k G {±1} be the reduced words in 
mi,aj,bj obtained by setting 

a, a, I mj_i • • • m\x? k ^ 1 ■ ■ ■ x? 1 if au = 1 , ^ 

y?-y p i=\ l*: 1 V , . (30) 

[mi ■ ■ ■ mix k _ l ■■■x 1 L if ak = -1 
,A _ /^"•••^+ + i lm r 1 ---^r 1 if «fc = 1 ( o U 

Vs ■■■Vl+l - S, „_ _a fc+1 ..._i ... . , 
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Then, the expression for X as a reduced word in the generators m,, a,-, bj is given by the product 



A = ys s ■ ■ ■ Vi^iVi 1 • • • Hi 1 and we assign the two corresponding intersection points of X with 



A 



mi between the factors yf^ 1 and y^ 1 and to the starting and endpoint of 



,Ai 



2- If x k G {aj , bj}, let yf ' • • • yf 1 and y. 

-a 

- I- 1,-1 „-l 



denote the reduced words in mi,a,j,bj obtained 



by splitting x? k according to 



a; 



j = {m x ■ ■ ■ h j _ 1 a j bjOj){hj^i ■ ■ ■ mi) bj = (m 1 • • • h-_ x a- b j aj)(b j ajhj-i ■ ■ ■ mi) (32) 



vl 1 



rij-i 
b- l Oj 

«7V 



Vl+i 



■G: r 



X 



x ar 



■ m l x k-l 




-"1 
1 


;/ z£* 


= a j 


ajhj-i ■ ■ ■ 




l X fe-l X l 


;/ 


= nr' 


i-i • • • m i x t-i ■ ■ ■ x i 1 


;/ x% h 


= bj 






If x% k 


= V 






" V'. ; ! 


f x% k 


= Sj 


ifk+l -1 






f x% k 


=v 


T °fc+i TO -i 




" h j-i a j lb J a i ? 


f x« k 


= b, 


^t^r 1 




" h 7-i a j lb i ' l 


f x% h 





(33) 



(34) 



and Ze£ 



zf 1 and zf l ■ ■ ■ z^^ be the reduced words obtained by splitting x k k as 



(m 1 • • • h-\ x a - 1 bj)(ajhj^i ■ ■ ■ mi) bj = (m 1 * • • h -\a • 1 bjajb, )(a,jhj-i ■ ■ ■ m{) (35) 



ajhj-i ■ ■ • mi^j 1 • • • x" 1 



b j l ajhj-x 



mix k 



-1 



if 

if x^ k 



ajhj-i ■ ■ ■ m\x k _ 1 
hjhj-i ■ ■ • m\x k _ l 



'm+1 



Ofc + l - 

' X k+1 m l 



X a r . . . — ak + 1 



k+1 



-2T 


h 


f x a k k = 






h 


f = 






% 


if x^ k 


= Sj 




l 


if x^ k 


= «7 




i 


if x° fc 


= bj 




i 


if ~x k tk 


= ~ b J 



(36) 



(37) 



Then the expression of X as a reduced word in mi, aj, bj is either given by X = ys ■ ■ ■ y { \ '{V'{' • • • V\ 



ih 



and we assign the corresponding intersection point between the factors yf^ 1 and yf l and to 



Ji 



the starting point of aj or bj , or it is given by X = zf f ■ ■ ■ z 1 ^^ z^ 1 ■ ■ ■ z° x and we assign the 
corresponding intersection point between the factors z^ 1 ^ and zf^ 1 and to the endpoint of aj 
or bj. Ambiguity in the sense that both yf s • • • yf 1 and zf* ■ ■ ■ zf 1 are reduced words in rrii, aj, bj 



Jl 



arises if and only if either y^ 1 = z^ 1 = x k or - , .« 
The proof of Theorem 13.21 is rather lengthy and technical and makes use of the following lemma. 



.A 



Lemma 3.3. Consider an element ofiri(Sg t n\D) given as a reduced word in the generators mi, aj, bj 
and their duals by 



wzw 



Xk € {mi, . . . , b g }, a k G {±1}, z G {mf 1 , b^ 1 }, 



(38) 
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where w,w' are reduced words in mj,a 7 -,& 7 -. Then, we have the following implications 



rrii- ■ ■ mi, x" 1 7^ m i 1 
rrii-i ■ ■■mi, x" 1 ^ rh~i 



hj-i ■ ■ ■ mi, x^ 1 7^ aj 
cijhj^i ■ ■ ■ mi, x^ 1 j^z aj 
ajH^ajhj-i ■ ■ ■ mi, x™ 1 / aj 1 
bj djhj-i ■ ■ ■ mi, x" 1 / aj 1 



ze{mf + \,...,bf} 

z G {mf 1 , . . . ,771^,777,1} 



z G {mf 1 ,. . . ,bf\,aj} 
ze{b-r\afl v ...,b± 1 } 
ze{aj\bf ,afl x ,...,bf} 



z G {?ti 1 



±1 



> b 3-V a 3 



±1 



} 



(39) 
(40) 

(41) 
(42) 
(43) 
(44) 



10 


= b j l ajhj- 


1 • • - mi, j;" 1 / bj 


=^ 


z G 




i+i ' 


• • • ! / 


(45) 




= ajhj-i ■ ■ 


■ mi, x" 1 7^ bj 


=^ 


z G 


{mf 1 ,... 




a,-,6f } 


(46) 


w' 


= afbfaj 


hj-i • • - mi, x" 1 ^bj 1 


=^ 


z G 


{mf,... 




6,} 


(47) 


w' 


= hj ■ ■ ■ mi 


x" 1 / 6j- 1 


=^ 


z G 


{4+v- 


,0 




(48) 



Proof: The proof is by induction over the length r of A as a reduced word in rn~i,~a~j,bj and similar 
for all of the implications above. We prove the statement (|41|) . For r = 1, expressions (jHJ) for 
m,i,aj,bj imply z G {aj,aj\}, since the word wzw' is reduced. Now assume the statement is true 
for r < k and there exists an element of TTi(S g;r \D) whose expression as a reduced word in m;, aj, bj 
and their duals is given by ~x^ x • • • ^i 1 = wzhj-i ■ ■ ■ hi, where w is a reduced word in mi, aj, bj, 



and x 



j," 1 7^ VI,,- and z G {a" 1 , &f 1 , a f+i ' ' ' ^ This implies that the elements u, k - ■ ■ ju 1 emu. 
expressed as reduced words in m;, aj, bj are of the form x^ k ■ ■ ■ x" 1 = yhj-i ■ ■ ■ hi, x^j^ 1 = y'zy^ 1 , 
where y,y' are reduced words in mi,aj,bj. If z G {afi • ■ ■ frf 1 }, it follows from the expression 
(jHJ) that the last letter in y is an element of {ftj^af l5 . . . j&g 1 }, and we obtain a contradiction. 
Similarly, for z = aj 1 the last letter of y is in {bj }, for z = bj 1 in {aj+ijaj 1 } which again 
contradicts the induction hypothesis. Finally, for z = bj, the last letter in y is either again in 
{aj 1 or we have x^^J 1 = bj 1 y = aJ l bjOjhj-i ■ ■ - mi, which implies x^ k ■ ■ -x" 1 = aj and 

contradicts the induction hypothesis. Hence, the statement is true for r = k + 1, which proves the 
claim. □ 

Proof of Theorem 13.21 We prove the statement for the case x^ k = aj. The reasoning for the 

■ yf 1 in mi, aj, bj defined by (|33|) . (|34"|) 



other cases is analogous. Suppose the word yf s • • • yff^yf' 



Ji 



is not reduced, i. e. yj 
reduced word in mj , aj , bj must be of the form 



y^l +1 ■ Then, either the expression for the product x" r 



-ak+i 
J k+l 



■ X 



fc+1 



or the expression for x x 



--"fc-l 
x k-l 



j 1 v j 1 ' ' ' 777 1 , 

as a reduced word in mj, aj, bj must be of the form 
u'x'h- 



-«fc-i 



mi 



(49) 



(50) 



where x, x' G {mi, . . . , b g } and it, are reduced words in mj, a,-, bj. Now note that the expression 
(|T5|) for A is reduced and therefore x^^ 1 ,^^ 1 7^ VIT 1 , which allows us to apply the identities (jlTj) . 
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(|43j) in Lemma 13,31 to expressions (|5(J|) . <|5L)|) . Suppose the expression for reduced 
word in rrii,aj,bj is of the form (|49jl. Then, the identity (fH^ implies rc € {a" 1 , fr^^, . . . , fr^ 1 } 
and therefore yf" • • • yf 1 is reduced unless the expression for x^ ai ■ ■ -x^^ 1 as a reduced word in 
mi , Oj , bj is of the form (|50f) . But then identity (|4l"j) implies j} and therefore 

yf s • • • yf 1 is reduced. 

Hence, the expression of reduced word in the generators rrii,aj,bj must be of 

the form (|5()|) with x' = a-,- and the corresponding expression for x" r ■ • • ^S^ 1 must be given by 

x? r ■ ■ ■ x^ 1 = u"x"bj l a j h j _ 1 • ■ • m 1; (51) 

where u" is a reduced word in mi,cij,bj and x" G {mf 1 , . . . , b^ 1 } \ {aj 1 }. This implies 1 = 
Ui+i = Oj- Furthermore, by applying identities (|42j) and (|44j) in Lemma ESI to the expressions of , 
respectively, x^ 01 ■ ■ ■x k ^~ 1 and X j, ' ^ SIS reduced words in mj , a-,- , bj , we find that they are 
of the form 

x"'e{bj\afl v ...,bf} (52) 
x" e{mf\...,bf\,a :j }. 

This implies that the product of the reduced words 

vtl ■■■Vi 1 = "A-l ' • • ^i^-I 1 - 5? 1 (53) 
• • • yf|+ 2 = 5* • • • aj^&jVi-i ■••m 1 

is reduced and gives the expression of A as a reduced word in , aj , bj , which proves the claim. □ 

Hence, by splitting the dual generators as in (|1()|) . (|11|) . ()12|) . we obtain an almost unique assignment 
of the intersection points of a general embedded curve A with the generators mj, aj, bj between the 
different factors in the expression of A as a reduced word in rrii,aj,bj and to the starting and 
endpoints of nii,aj,bj. We will now show that this assignment of intersection points corresponds 
to a graphical decomposition of a curve on S g<r \D representing A into representatives of rrii,aj,bj. 

For this, we represent the generators rrii,aj,bj, rrii,aj,bj by curves as in Fig. ^ but instead of a 
basepoint, we draw a line on which the starting points s mi , s aj , s b . and endpoints t mi ,t aj ,t b . are 
ordered from right to left according to 

s mi <t mi < ■■■ < s mn < t mn < s ai < s bl < t ai < t bl < . . . < s ag < s bg < t ag < t bg . (54) 

and the basepoint p G S g>r \D is located to the right of s mi . The curves representing the generators 
x G {rrii,aj, bj} are decomposed into an oriented horizontal segment from p to the starting point s x , 
a curve which starts in s x and ends in t x and another horizontal segment from t x back to p as shown 
in Fig. [Tj For their inverses, we set s x -i = t x , t x -i = s x . To obtain an embedded representative of 
an element A G iri(Sg tr \D) given uniquely as a reduced word in the generators rrii,aj,bj by 

A = 2/f s • • • 1 y k e{ mi ,...,b g },(3 k e{±l}, (55) 

we draw consecutively the representatives of the factors y? k and contract the overlapping horizontal 
segments such that the resulting curve has no self-intersections, see FigUJ El Thus, we obtain a 
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curve representing A which is composed of curves representing the factors y? k which start and end 
above the corresponding starting points Sk and endpoints t& on the horizontal line and horizontal 
segments t^Sk+i connecting the starting and endpoints of these factors. 

To locate the intersection points of A G irx(S g r\D) with the generators rrii,aj,bj between the 
different factors of A and at the starting and endpoints of rrii,aj,bj, we draw two such lines, one 
for the generators rrii,aj,bj and one for A such that the first one is tangent to the disc, while the 
one for A is displaced slightly. We represent the generators rrn , aj , bj and A graphically as described 
above such that all intersection points of A with rrii,aj,bj lie on the horizontal segments t^Sk+i in 
the decomposition of A and above the starting and endpoints s mi , s a ., s&. , t mi , t a ., We also 
require that for each factor mf 1 which gives rise to a pair of intersection points with m%, one of 
these points lies above the starting point s m . and one above the endpoint t m .. An intersection 
point qi is then said to occur between the factors yf l and yf^ 1 on A if it lies on the straight line 
connecting t, = t & and Sj+i = s & , , , where we set to = t n . Furthermore, we say it occurs at the 

starting point of a generators rrii,aj,bj if it is located above, respectively, s mi , s a ., Sb j and at its 
endpoint if it is located above t mi , t a . , t& . . By comparing this assignment of intersection points 
via the graphical procedure with the assignment in Theorem 1^.21 we find that they agree for all 
A E m(Sg t r\D) with embedded representatives. 

Theorem 3.4. Consider an element A € m(Sg jr \D) with an embedded representative and given as 
a reduced word in the generators mi,a,j,bj. Then, the assignment of intersection points of X with 
mi,aj,bj between the different factors in this expression and to the starting points and endpoints 
of the generators rrii , aj , bj via the graphical procedure agrees with the one in Theorem I.V.jjl In 
particular, the ambiguity for the assignment of an intersection point of X with x € {a±, b\, ... , a g , b g } 
which arises at a factor x^ 1 in (|55|). corresponds to sliding the intersection point along x. In the 
following we assign such intersection points to the right of factors a,j,bj and to the left of factors 

Proof: 

We first consider a single factor y € {rri^ 1 , . . . , b^ 1 } in the expression for A as a reduced word in 
nii, aj, bj and the intersection points of the associated curve with the representative of rrii, aj, bj. 

1. For the generator aj, the graphical procedure implies that y has an intersection point with the 
starting point of aj with positive intersection number if and only if s y > s aj , which implies 
y € { a f l i bf l , afli, ■ ■ ■ , b^ 1 }. Similarly, it has an intersection point with the end point of 
aj with negative intersection number if and only if s y > t aj , y € {aj 1 , bj 1 , af+i, ■ ■ ■ , b^ 1 }, 
and in both cases the intersection points occur on the segment t y p. Intersection points at 
the starting point of aj with negative intersection number and at the endpoint of a,- with 
positive intersection number lie on the segment ps y and occur, respectively, for t y > s a ., 
y G {af 1 ,^ 1 ^^,.. ^bf 1 }, and t y >t aj ,y£ {aj,bj,af^ v . . ^bf 1 }. 

By comparing with expression (JSJ) for the generators rrii,aj,bj in terms of their duals, we 
find that y gives rise to an intersection point at the starting point of aj with positive and 
negative intersection number if and only if its expression as a reduced word in rrii,a~j,bj, 
respectively, ends in a sequence a,jhj—\---mi and starts in a sequence (ajhj-i ■ ■ ■ mi) -1 . 
Similarly, an intersection of y with the endpoint of aj with negative and positive intersection 
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number occurs if and only if the expression for y ends in a sequence a- bj a,jhj-\ ■ ■ - mi 

and starts in a sequence (a^bj X ~a,jhj^\ ■ • - mi) -1 , respectively. Hence, each of the generators 
{ a j+n ■ ■ ■ ib^ 1 } has two intersections with each the starting and endpoint of aj and with 
opposite intersection numbers, fe- has two intersections with the starting point s aj with 
opposite intersection numbers and one with the endpoint t a . , where the oriented intersection 
number is positive for bj and negative for bj 1 . For the intersections of aj with itself there 
is some ambiguity in drawing the associated intersection diagram. We can either assign 
two intersections with opposite intersection numbers to the starting point of a% or one with 
positive intersection number to the endpoint and one with negative intersection number to 
the starting point. This corresponds to the fact that the two factors a./, a" 1 in expression (JHJ) 
for aj can be considered either part of the sequence m^ 1 ■ ■ ■ hj^{a^ v bj~a~j at the start of aj or 

can be assigned to two sequences m^ 1 • • • hjl^J 1 at the start of aj and ctjhj-i ■ ■ -ra\ at the 
end of a j . 

2. Similarly, intersection points of y with the starting point of the representative bj with positive 
intersection number occur for y E {bf l , aj 1 , a j+n ■ ■ ■ > b^ 1 } and those with the endpoint of 
bj and negative intersection number for y E {bj, aSj, • • • , b^ 1 } and lie on the segment ps y . 
Those at the starting point with negative intersection number and at the endpoint 
with positive intersection number are located on the segment t y p and occur for, respectively, 
y E {& 1 , aj, dj^i, ■ ■ ■ , b^ 1 } and y E {bj 1 , af+i, ■ ■ ■ > b^ 1 }- Hence, intersection points with 
the starting point of bj and, respectively, positive and negative intersection numbers can be 
identified with a sequence bj 1 cijhj_i ■ ■ ■ h\ at the end of the expression for y as a reduced word 
in mi,a~j,bj and with a sequence (bj 1 ~a~jhj-i ■ ■ ■ h\)~ l at its beginning. Intersection points 
at the end of bj with, respectively, negative and positive intersection number correspond 
sequences hj ■ ■ ■ h%, (hj ■ ■ ■ hi) . Again, there is an ambiguity in the graphical assignment 
of the intersection points of bj with itself, which can be either drawn as two intersection 
points at the starting point of bj or one at the starting point and one at the endpoint. This 
ambiguity corresponds to two different ways of assigning the two factors bj , bj 1 in expression 
for bj. 

3. Finally, we consider intersection points of y with the generators m;. We find that y G 
{m^ 1 , rn^ 1 , . . . , b^- 1 } has both, an intersection point with the starting point of m, and one 
with its end point, which lie on the segment ps y and have, respectively, positive and negative 
intersection number. Similarly, y E {mi,m^ 1 , . . . ,b^} has an intersection point with the 
starting point of mi with negative intersection number and one with its endpoint with positive 
intersection number, both located on the segment ps y . Hence, a pair of intersection points 
with the starting and endpoint of and with opposite intersection numbers corresponds to 
a sequence fn i ■ ■ ■ rh~\ at the end of expression ® for y if the one at the starting point has 
positive intersection number and to a sequence (m; • • ■mi)" 1 at the end of the expression if 
the one at the starting point has negative intersection number. Note that in contrast to the 
situation for the generators dj,bj there is no ambiguity in assigning the intersection points 
of mj with itself since we required that one of the two intersection points lies at the starting 
point and one at the endpoint of m^. 

We now consider an element A E 7ri(5 s>n \-D) with an embedded representative and given as a 



22 



reduced word in the generators mi, aj, bj 

A = yf s ---yf 1 y k e{m 1 ,...,b g },f3 k e{±l} (56) 

In the graphical procedure the intersection points of A with mi, a,j,bj are obtained by decomposing 
it into its factors and removing those intersection points of the starting or endpoint of a generator 
rrii,aj,bj which occur both on a segment t yk p and ps yk+1 with opposite intersection numbers. 
To minimize the number of intersection points, one makes use of the ambiguity in assigning the 
intersection points of aj and bj with themselves and removes the remaining ambiguity by assigning 
ambiguous intersection points to the right of aj and bj. 

From the discussion above it follows that a pair of intersection points on the segments t p k p 

_ _Vk 

and ps k+1 can be removed if and only if the associated sequences (m« • • -rf%i) , (ajhj 1 ■ ■ ■ /ii) ±:L 

(aj x bj a,jhj 1 ■ ■ ■ hi)^ 1 , (bj ajhj 1 ■ ■ ■ /ii) ±1 , hj-- - hi)^ 1 assigned to these intersection points as de- 
scribed above cancel. Factors fnf 1 ,a^ :1 ,bj 1 associated to intersection points of rrii,aj,bj with 

factors in therefore give rise to factors mf 1 ,^ 1 , bf' 1 in the expression of A as a reduced word 
in mi,aj,bj if and only if the corresponding intersection points cannot be removed and remains in 
the intersection diagram. We then consider the precise form of these sequences in the generators 
mj, Oj, bj and compare with the prescription in Theorem l3.21 A short calculation using expressions 
(JHJ) for the generators m; , aj , bj and their duals then shows that the assignment of intersection 
points in Theorem 13.21 agrees with the one from the graphical procedure for all intersection points 
that do not lie on the segment t s si. 

For intersection points on the segment t s s\ we note that the removal of intersection points by 
contracting the segments ps\ and pt s in the graphical procedure amounts to moving the basepoint 
of the curve representing A. The number of resulting intersection points is minimal and cannot be 
reduced further by conjugating A with elements of TTi(S gt n\D). In the discussion after Theorem 
12.31 we found that this is the case if and only if the expression for A as a reduced word in the 
generators rrii,aj,bj is cyclically reduced. Hence, the assignment of intersection points obtained 
by graphically representing A without contracting this segment agrees with the assignment in 
Theorem 13.21 Contracting the segment t s Si amounts to applying the procedure in Theorem 13.21 to 
the cyclically reduced element associated to A. □ 

The graphical procedure described above therefore reproduces the assignment of intersection points 
of A £ Tri(S g ,r\D) with the generators mj, aj, bj between the different factors in the expression of A 
as a reduced word in rrii, aj, bj and to the starting and endpoint of the representatives of mi, aj, bj 
in Theorem 13.21 Furthermore, it allows us to consider general elements i/,A £ iri(S g , r \D) given as 
reduced words in the generators m;, aj, bj and assign their intersection points between the different 
factors in these expressions. For this, we represent both rj and A graphically as a product of 
curves representing rrii,aj,bj as described above. We draw two lines with starting and endpoints 
of associated to the generators rrii,aj,bj, ordered according to ((5*1)) and basepoints p to the right 
of s mi such that the one for rj is tangent to the boundary and the one for A slightly displaced. 
After decomposing A into a set of curves starting and ending above the corresponding starting and 
endpoints and into horizontal segments parallel to the line for A, we can graphically determine the 
intersection points of A with the generators m^, aj, bj as described above. To obtain the intersection 
points of A and rj, we decompose rj by consecutively drawing its factors in the expression as a 



23 



j 




Figure 9: The intersection points of curves representing A = hj = bj o a- o b- o aj (full line) and 
77 = bj o aj o mi (dashed line). 

reduced word in m*, aj, bj and obtain a representative made up of curves starting and ending above 
the starting and endpoints on the line for 77 and of horizontal segments. All intersection points 
of the representatives of A and 77 are then located above the starting and endpoints for 77 and on 
the horizontal segments in the decomposition of A. Finally, one removes any intersection point 
which occurs both, at the endpoint of a factor and at the starting point of the next factor in 
the decomposition of 77 with opposite intersection number by lifting the corresponding segment as 
shown in Fig. El 

After completing this procedure, one obtains two curves representing 77 and A with a minimum 
number of intersection points, all of which are located above the starting and endpoints on the 
line for 77 and on the horizontal segments for A. By assigning an intersection that occurs at the 
endpoint of a factor to the left of this factor and one that occurs at its starting point to the right, 
we then obtain a unique assignment of the intersection points of 77 and A between the factors in 
the expression of 77 as a reduced word in m 8 , aj , bj . 

4 Dual generators and the moduli space of flat connections 

4.1 Fock and Rosly's description of the moduli space of flat connections 

In this section, we apply the involution I G Aut(S gj7 \D) to Fock and Rosly's description of the 
moduli space of flat connections on S g n (3]. We show that by expressing the Poisson structure on the 
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moduli space in terms of both the generators m,, aj, bj G TTi(S g!l \D) and their duals rrij, aj, bj, one 
obtains a particularly simple expression in which its dependence on intersection points is apparent. 

We start with a brief summary of moduli spaces of flat connections and Fock and Rosly's formalism. 
In the following we consider a finite dimensional Lie group H with Lie algebra f) = Lie H , viewed as 
a vector space over R. We fix a basis J a , a = 1, . . . , dim fj, of fj and denote by L a , R a , respectively, 
for the associated right- and left-invariant vector fields on H 

L a f(u) = ±\ t=0 f( e - tJ "u) R a f(u) = ±\ t=0 f(ue tJ «) \/u G H, V/ G C°°(H). (57) 

Here and in the following, we denote by exp : f) 3 x a J a i— > e xaJa G H the exponential map, which 
we require to be surjective. 

The moduli space of flat //-connections on S 9tn arises as the phase space of a Chern-Simons theory 
with gauge group H on the three- manifold M x 5 9>n . To formulate this Chern-Simons theory, one 
associates to each puncture an orbit q under the adjoint action of H on [) 

uJaU' 1 = Ad(u) a b J b (58) 

and fixes a non-degenerate, Ad-invariant, symmetric bilinear form ( , ) on f) 

(Ja, Jb) = tab t ab t bC = 5 a °. (59) 

A flat //-connection on S gn is a one-form A on S g ^ n with values in the Lie algebra f) whose curvature 
Fa develops a delta-function singularity at each puncture and vanishes elsewhere 

n 

F A = dA + AAA = ^2Ti5{z-z(i)) T { G a, (60) 
i=i 

where z(i), i = l,...,n denotes the coordinate of the i th puncture. Gauge transformations are 
given by functions 7 : S g>n — > // and act on the connection according to 

A i-> jAj* 1 + jdr/' 1 . (61) 

The moduli space A4^ n is the quotient of the space of flat //-connections on modulo gauge 
transformations (|61|) . Although defined as a quotient of an infinite dimensional space, the moduli 
space -M^ n is finite dimensional and can be parametrised by the holonomies along a set of generators 
of the fundamental group ■Ki(S g , n )- While the holonomies Aj = H a ., Bj = Hb j of the generators 
associated to the handles are general elements of the gauge group H, the holonomies Mj = H mi 
of the loops around the punctures are restricted to conjugacy classes C% C H associated to the 
corresponding orbits q. Furthermore, the holonomies are subject to a constraint arising from the 
defining relation of the fundamental group Ki(S g>n ) 

[B g , A- 1 } ■ ■ ■ [Si, A- 1 } ■M n ---M 1 = l [Bj^j 1 ] = BjAj l Bj x Aj. (62) 

Gauge transformations (|61|) act on the holonomies by simultaneously conjugating them with the 
elements of the gauge group H, and the moduli space -M^ n of flat //-connections on S g>n is given 
as the quotient of the holonomies modulo this simultaneous conjugation 

A4£ n = {(Mi,...,M n , Aj.fli, ...,A g ,B g ) G H n+2 ° | M, G C u [B^A' 1 ] ■ ■ ■ [B u A^ l ]M n •••Mi = 1}/H. 
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On the level of connections, the finite dimensionality of the moduli space M gn manifests itself 
in the fact that a flat If-connection can be trivialised, i. e. written as pure gauge, on any simply 
connected region R C 5 s>n 

^4]^ = 7d7~ 1 with 7 : H. (63) 

Maximal simply connected regions are obtained by cutting the surface S 9)n along a set of generators 
of the fundamental group. As in the case of a surface S 3:1 \D discussed in Sect. El this yields a 
set of n punctured discs and a polygon Pg >n , only that now the points xo and £ n +4g in Fig. 0]are 
identified since the boundary of the disc D is not present. 

As shown by Alekseev and Malkin ^3], a function 7 : P g>n — » H defines a flat gauge field on S g ^ n 
if and only if it is such that the resulting holonomies around the punctures are elements of the 
conjugacy classes Cj and it satisfies an overlap condition for each pair of sides corresponding to a 
generator y G {ai,b\, . . . ,a g ,b g } 

A\ y > = 7^7 _1 |j/' = 7^7 _1 |j/ = My- (64) 

This requirement (|64[) is equivalent to the existence of constant elements N y G H such that 

I'X' = N yl -\, (65) 

and the restriction of the holonomies around the punctures to conjugacy classes C{ can be cast into 
the form 

7 ~ 1 (x l ) = ^7^(^-1) N~l G d. (66) 

The elements N y , y G {mi, . . . , m n , ai, &i, . . . , a g , b g } in the overlap condition (|65|) . (|6li|) contain all 
information about the physical state and are closely related to the holonomies Mi , Aj , Bj along our 
set of generators of the fundamental group Tri(S gn ). It follows from Fig. 21 that these holonomies 
are given by the values of the trivialising function 7 at the corners of the polygon 

M i = -y(x i ) 1 -\x i -i) (67) 

Aj = 7(x„ + 4j_3)7(x„ +4j _4)" 1 = 7(2„ + 4 7 _2)7(x„ + 4j_i)~ 1 

Bj = ^{x n+4 j-^)'y(x n+4j ^2)~ 1 = l{x n +4j)l{x n +4j-iT l ■ 

Using the overlap conditions (|65[). (|66|) . we can express these holonomies in terms of the variables 
N mi , ^V a . , Nf) . G H and vice versa and obtain 

A r m. 1 =7 _1 (^o)Mf 1 • • • Mr l M^ r ■ -M l7 (x Q ) (68) 
N aj = 1 ~\x )M^ 1 • • • M- 1 ^- 1 - -H^BjHj-y ■ ■H 1 M n ■ ■ ■ M l7 (x ) 
N b .^y- 1 (x )M^ 1 ■ ■ ■ M- l H^- 1 - '.\,U, ,• • -H\M n ■ ■ ■ M l7 (x ). 

Hence, up to conjugation with value of 7" 1 at the basepoint xo, the variables N mi , N aj , N^^ are 
the holonomies along the dual generators rfii , Oj , bj . 

The moduli space A4^ n carries a canonical symplectic structure induced by the canonical symplectic 
form associated to the Chern-Simons action. An explicit and efficient description of the symplectic 
structure on the moduli space is provided by Fock and Rosly's formalism Fock and Rosly 
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parametrise the symplectic structure on the moduli space in terms of an auxiliary Poisson structure 
on a finite-dimensional extended phase space, namely the space of graph connections associated 
to certain graphs on the surface Sg, n - After implementing a set of residual constraints which 
amount to a flatness condition on the graph connection and dividing by the associated graph gauge 
transformations, this auxiliary poisson structure on the space of graph connections then induces 
the canonical Poisson structure on the moduli space M^ n . 

In the following we will work with the formulation of Alekseev, Grosse and Schomerus 013 |S] who 
specialised Fock and Rosly's description of the moduli space to the simplest graph describing the 
spatial surface S g ^ n , a set of generators of its fundamental group TTi(Sg tn ). In this case, the extended 
phase space is the manifold H n+2a , and the different copies of H correspond to the holonomies along 
the generators of the fundamental group. Fock and Rosly's description of the Poisson structure on 
the moduli space can then be summarised as follows. 

Theorem 4.1. (Fock, Rosly 

Consider the manifold H n+2g with points parametrised according to 

(Mi, M n , Ai,Bi, . . . , A g , B g ) e H n+29 , (69) 

and denote by , R£ , X G {Mi, . . . ,B g }, the right- and left invariant vector fields (|ST|) associated 
to the different components of H n+2g . Let r = r ab J a Cg) J& G f) <g) f) be a classical r -matrix for the Lie 
algebra f), i. e. a solution of the classical Yang-Baxter equation (CYBE) 

[[r, r]] = [n 2 , r 13 ] + [r 12 , r 23 ] + [r 13 , r 23 ] = (70) 
ri2 := r ab J a <8> J b ® 1, r 13 := r ab J a <g> 1 ® J b , r 23 := r ab l ® J a <g> J b , 

whose symmetric component is the dual of the bilinear form {, ) in the Chern-Simons action 

r ab _ ab , ab ab _ 1 ( ab ba\ ab _ 1 / ab , ba\ _ 1+ab /7-1 \ 

r - r (s)+ r (a) r (a) - 2V r ~ r ) 7 (a) _ 2^ + T > ~ 2 T ' 



Then, the Poisson bivector 




+ \t ab { RA, +L A l+R B t+L B l)A{R A 3+L A J+R B J+L B J) 
n g 

+ \t ab Y, Ra h A L?< + t ab Y < l A (i?f + + Lf ) + i?^ A (L^ + Lf ) + A if (72) 
i=l i=l 

defines a Poisson structure on H n+2g . The symplectic structure on the moduli space is 
obtained by restricting the components Mj to the conjugacy classes Ci, by imposing the constraint 
(|62|) and by dividing by the associated gauge transformation which act by simultaneous conjugation 
of all components with H . 
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By realising the moduli space of flat fZ-connections on S g>n as a quotient of the finite dimensional 
Poisson manifold H n+2a , Fock and Rosly's description of the moduli space [3] provides a rather 
efficient description of its Poisson structure. The Poisson bracket of functions / € C°°(A4^ n ) on the 
moduli space -M^ n is given by the Fock-Rosly bracket ((72*)) of the associated conjugation invariant 
functions /' € C°°{H n+29 ) 

n g 

(E R « % + L ^ + E R - J + L - J + R - 3 +La J )f = a = 1, . . . , dim f). (73) 
i=i j=i 

Note that although Fock and Rosly's formalism requires the choice of a classical r-matrix for 
the gauge group, the bracket of such conjugation invariant functions with general functions g € 
C°° (H n+29 ) does not depend on the choice of the classical r-matrix. As the term involving its 
antisymmetric component in (|72|) vanishes if one of the functions is invariant under simultaneous 
conjugation, the resulting bracket depends only on the matrix t ab representing the >lci-invariant 
bilinear form ( , ) in the Chern-Simons action. 

A particular set of functions on the moduli space M-^ n is given by conjugation invariant functions 
of the holonomies of closed curves of the surface S g ^ n , which in the following will be referred to 
as generalised Wilson loop observables. As Fock and Rosly's Poisson structure is defined on the 
extended phase space H n+29 where the constraint (|62J) from the defining relation of the fundamental 
group vri(5 3jn ) is not imposed, such functions are obtained from elements of the fundamental 
group TTi(Sg tr \D) of the associated surface with a disc removed. More precisely, for each element 
A G Tri(Sg tT \D), given uniquely as a reduced word in the generators m«, a,j,bj 

\ = x «r... x *i x k €{mi,...,b g },a k €{±l}, (74) 

one defines a map p\ : H n+29 — > H, which expresses the holonomy along A in terms of the 
holonomies Mi,Aj,Bj along the generators of TTi(S gtr \D) 

p x :(M 1 ,...,M n ,A 1 ,B 1 ,...,A g , B g ) 1 ► H\ = -If 1 X k e{M 1} ..., B g }. (75) 

The generalised Wilson loop observables associated to A are then obtained by composing conjuga- 
tion invariant functions / G C°°{H) with the map p\ 

fx = fo Px eC°°(H n+29 ). (76) 

As this map satisfies the condition 

px(uM l u- 1 > ...,uB g u- l ) = up x (Mi,...,B g )u- 1 , (77) 

it follows immediately that the Wilson loop observables are invariant under simultaneous conju- 
gation of all arguments with elements of the gauge group H and hence define a function on the 
moduli space -M^ n 

n g 

(£ Rt h + + £ Ra 3 + + R% + L% )f x = (R a + L a )f op A = a = 1, . . . , dim h. (78) 
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4.2 The Poisson structure in terms of the dual generators 



The drawback of Fock and Rosly's description 3 of the Poisson structure on the moduli space is that 
it obscures the geometrical nature of the theory. For instance, it is known that the Poisson brackets 
of generalised Wilson loop observables depend on the intersection behaviour of the associated curves 
on the surface, i. e. the number of intersection points and the associated oriented intersection 
numbers. However, in Fock and Rosly's description of the Poisson structure on the moduli space 
in terms of the bivector (|72j) on the manifold H n+2g , this dependence on intersection points is not 
readily apparent. In this subsection, we demonstrate that this problem can be remedied by working 
with the dual generators of the fundamental group. More precisely, we show that when expressed in 
terms of both the holonomies along the generators m,j, a,-, bj and those along their duals m"j, 5,-, bj, 
Fock and Rosly's Poisson structure takes a particularly simple form in which the dependence on 
intersection points is readily apparent. 

For this, it is convenient to characterise Fock and Rosly's Poisson structure by the brackets of 
functions of the holonomies along our set of generators uii, dj, bj G iri(S g! r\D). Using the notation 
introduced in the last subsection, we denote by f\ G C°° (H n+2g ) the function obtained by composing 
a general (not necessarily conjugation invariant) function / G C°°(H) with the maps p\ : H n+2g — > 
if, A € TTi(Sg tT \D) as in (|76|) . Using this notation, the Poisson bracket given by (|72|) can be 
expressed equivalently in terms of the functions f mi , f a . , f bj as 

{/*,&} = r ab (R a + L a )f x (R b + L b )g x - t ab {R a + L a )f x R b g x (79) 
= r (a)( R a + L a )f x (R b + L b )g x + \t ab {R a f x L b g x - L a f x R b g x ) Vx G {mi, ...,b g } 

{fx,9 y } = r ab (R a + L a )f x (R b + L b )g y Vx, y G { mi , . . . , b g }, x < y (80) 

= r^(R a + L a )f x (R b + L b )g y + \t ab {R a + L a )f x (R b + L b )g y 

{f aj , g bj } = r ab (R a + L a )f aj (R b + L b )g b] - t ab L a f aj R b g bj 

= rfyiRa + L a )f aj {R b + L b )g h . + \t ab {R a f a] L b g bj - L a f aj R b g bj ), (81) 

where L a , R a denote the right- and left-invariant vector fields (|57|) on H and < in (|8U|) stands for 
the ordering 

x = mi,y = mj,i,j G {1, . . . , n}, i < j 
x < y <^ < x G {mi,... ,m n },y G {ai,h, ... ,a g ,b g } ■ (82) 

G {ai,bi},y G {a^bj}, i,j G {1, . . . ,g}, i < j 

By using the expressions ((HI) for the dual generators mi,a,j,bj in terms of mi, dj, bj, we can derive 
the Poisson brackets of functions f mi , f aj , f bj of the holonomies along our generators with functions 
9m.ii 9ap 9 b of the holonomies along their duals. A somewhat lengthy but straightforward calcula- 
tion using the identities (|HJ) , (|72j) and the Ad-invariance of the bilinear form ( , ) then yields the 
following theorem. 

Theorem 4.2. Consider functions f,g G C°°{H) and the associated functions f mi , f a . , f bj G 
C°°(H n+29 ), gm z , gap %. G C°°(H n+29 ) of the holonomies along the generators mi, aj, bj G i^i{S g ^\D) 
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and their duals defined as in (|76l) . Then, Fock and Rosly's Poisson bracket on the manifold H n+2g 
is characterised by the following brackets 

{fx,9y} = -r ba (Ra + L a )f x {R b + L b )gy Vi£{mi 6,}, y 6 {mi, . . . , b g }, x^y (83) 



{/M„te,} = -r ba (R a + L a )f mi (R b + L 6 )g^ - t a \R a + L a )f mi Ad(Mi ■ ■ ■ M x ) b c L c9Wi (84) 
= -r ba (R a + L a )f rrH (R b + L b )g mt + t ab R a f mi Ad(M^ x ■ ■ ■ M x ) b c (L c + R c )g mi 

{f aj , 9a,} = -r ba (R a + L a )f aj (R b + L 6 )<fe. - t^RJa^Bf 1 ^ ■ ■ ■ H x M n • • • Mi) b c X cfe . 

= -r ba (R a + L a )f aj (R b + L b )ga 3 + t ab RJ a .Ad(Hj_ x ■ ■ ■ R x M n ■ ■ ■ M x ) h c Rc9a 3 (85) 

{f bj ,9- bj } = -r ba {R a + L a )f bj (R b + L b )g- bj + t a6 i? a / 6 ,Ad( J B,- 1 J ff j • • • H x M n ■ ■ ■ M^L^. (86) 
= -r ba (R a + L a )f bj (R b + L b )g- b , - t ab R a f bj Ad(Bf l A.H^ ■ ■ ■ H x M n ■ ■ ■ M x ) b c R c g- bj . 

In expressions (|53*|) to 1)86(1 . the Poisson brackets of the functions f X i9y € C°°(H n+29 ) are given as 
a sum of a global conjugation term involving the classical r-matrix and of a term which depends 
only on the components t ab of the bilinear form in the Chern-Simons action. The former vanishes 
if one of the two functions is conjugation invariant, i. e. represents a function on the moduli space 
M^ n . The latter is nontrivial only in the brackets of functions of a generator x £ {m x , . . . , b g } with 
functions of its dual x. This reflects the fact that the Wilson loop observables associated to different 
curves on the spatial surface have non- vanishing Poisson brackets only if these curves intersect. As 
shown in the previous section, the intersection points of a general curve A € ir x (Sg jr \D) with the 
generators mi,aj,bj correspond to factors m^ 1 ,^ 1 , bj 1 in the expression of A as a reduced word 
in the dual generators. The formula (|83|) therefore implies that each intersection point of a general 
embedded curve A £ ir x (S gtT \D) with the generators Oj, bj and each pair of intersection points of A 
with a generator mi gives rise to a summand in the Poisson brackets of a generalised Wilson loop 
observable associated to A with functions of the holonomies along the generators mi,aj,bj. We 
will investigate this dependence on intersection points in more detail in Sect. where we derive 
a formula for the Poisson brackets of generalised Wilson loop observables with general functions 
/ G C°°(H n+2 9). 

To obtain a more general formulation which clarifies the role of the involution / € Aut(7ri(S , gjn \D)) 
in the description of the moduli space, we consider the diffeomorphism : H n+2a — > H n+29 
induced by /. This diffeomorphism maps the components of H which represent the holonomies 
along the generators rrii,aj,bj to the holonomies along their duals 

: (Mi, . . . , M n ,A x ,B x , . . . , A g , B g ) -» (M 1 ,...,M n ,A x ,B 1 ,...,Ag,B g ) (87) 
Mi = Mf 1 • • • M^Mi-i • • • Mi 
Aj = Mf 1 • • • Hj l BjHj^ x ■ ■ ■ Mi 
Bj = Mf 1 • • • // ; A,!!, ; • • • Mi. 

More generally, for any A € TT\(Sg t ri\D) with dual /(A), the holonomy along 1(A) is obtained by 
composing the map p\ : H n+29 — > H with 

Pi(\) = P\°$i VA G 7Q (S 9t1 \D) . (88) 
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Using this identity together with expressions (|83|) to (|86|) for the Poisson bracket, we find that the 
bracket of any function / G C°° (H n+2g ) which is invariant under simultaneous conjugation and 
general g G C°° (H n+29 ) takes the form 

n 

{/, g o =t ab Ra l f Ad(M;_i • • • M X ) 6 C ((flf < + )<?) o <&, (89) 

i=l 
9 

£ i^V Ad(fl>_i • • • M 1 ) b C (i? c %) o 

i=i 

-t a6 Ra 3 f kd{BJ x AjHj-x ■ ■ • M x ) h c (# c %) o 

To derive a general formula for the transformation of the Poisson structure under the involution 
/ G Aut(S' 9jn \-D) and the associated diffeomorphism : H n+29 — > H n+29 , we express Fock and 
Rosly's Poisson structure entirely in terms of functions fmn fa j} f b . associated to the holonomies 
along the dual generators mj,aj,6j G iri(S gt n\D). Using the expressions © for rrii,aj,bj in terms 
of the original generators rrii,aj,bj and formulas (|83[) to (|86|) for the Poisson bracket, we obtain 



{/*, <fe} = -r ba (R a + L a )fc{R b + L fe )<fe + t (R a + L a )f T R b g T (90) 



= (i? a + + L 6 ) fe - ±t ab {R a faL bgT - L a f T R b9m ) Vx G {mi, . . . , 6 9 } 

{/x,^} = -r ba (R a + L a )fx(Rb + L fe )^ Vx, y G {mi, . . . ,b g },x < y 



= rg, (i? a + £a)/af(#6 + L 6 )<^ - ±£ a6 (i? a + L a )/s(i? 6 + L b ) 9 y (91) 

{/a, , = -r ba {R a + La)h 3 (Rb + L b )g- bj + t ab L a fa 3 R m . (92) 
= rf a) {R a + L a )fa 3 {R b + L b )g- b] - ^(Raf^L b9Sj - LJ^R^), 

where the ordering in (|91|) is the one obtained by replacing each generator in the ordering (|82|) 
with its dual. By comparing these brackets with expressions (j9Uj) to (|81() for the Fock-Rosly Poison 
brackets of the functions f mi , f a . , f\ )j associated to the original generators, we find that they take 
the same form up to a flip and a sign change in the classical r-matrix and obtain the following 
theorem. 

Theorem 4.3. The Fock-Rosly Poisson bivector (|72j) is form-invariant under the simultaneous 
exchange of the generators nii,aj,bj G TTi(Sg,r\D) with their duals mi,a,j,bj G iri(Sg t r\D) and of 
the r-matrix r = r ab J a (g> J b with its flip —cr(r) = —r ba J a J b 

{/°$/,SoH = {/ 5 0}- ff (r)°*i yf,geC°°(H n+29 ). (93) 

In particular, for any f G C°°{H n+29 ) invariant under simultaneous conjugation and arbitrary 
g G C°°{H n+29 ) we have 

{/ofcj^oS/} = -{f,g} o%. (94) 
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As the Poisson structure on the moduli space ■M-g n is given by the Fock-Rosly Poisson brackets 
of conjugation invariant functions on H n+2g which do not depend on the antisymmetric part of 
the r-matrix but only the components t ab of the Ad-invariant symmetric bilinear form, this implies 
that the Poisson structure on the moduli space is invariant under an exchange of the generators 
rrii, a,j,bj and their duals up to a global minus sign. We will demonstrate in Sect. |f)]that this is the 
case for any automorphism of ni(S gtr \D) which satisfies the condition Q with w = 1, e = —1. 

5 Application: The phase space transformations generated by 
Wilson loop observables 

5.1 The Poisson brackets of Wilson loop observables 

In this section, we use the dual generators of the fundamental group to derive explicit expressions 
for the Poisson bracket of generalised Wilson loop observables associated to embedded curves on 
the surface S gj1 \D and to determine the associated flows on the extended phase space H n+29 . For 
the case of a surface without punctures, the Poisson brackets of generalised Wilson loop observables 
and the associated flows on the moduli space were first determined by Goldman 11 who uses 
cohomological methods and characterises these quantities in terms of the intersection behaviour of 
the associated curves on S g<n . The dual generators of the fundamental group allows us to generalise 
these results to punctured surfaces. Moreover, we obtain a purely algebraic formulation, in which 
these flows are characterised by the transformation of the holonomies along our set of generators 
of the fundamental group iri(Sg tr \D) and derived from the expression of the associated curves as 
reduced words in the dual generators. 

The first step is to determine the Poisson bracket of a general function g G C°°(H n+29 ) with the 
Wilson loop observable f\ associated to a conjugation invariant function / G C°°H and to an 
element A G iri(Sg^r\D) with an embedded representative. To calculate the bracket {g, fx}, one 
inserts the expression (|97|) of A as a reduced word in the generators rrii , Oj , bj into the formula (|89|) 
for the Poisson bracket. As the maps p\ : H n+2g — > H satisfy the identity 

ProAor-l = Pr ' PX " Pt % > ( 95 ) 

we have for any conjugation invariant function / G C°°(H) 

f( Px (u) ■ p- l {u)gp T {u)) = f(p ToXoT -i (u)g) V# € H,u G H n+2 ° . (96) 

By applying this identity together with the expressions (JSJ) to the terms in (|89|) involving the adjoint 
action, we then obtain the following theorem. 

Theorem 5.1. Consider an element A G m(S g>r \D) with an embedded representative given uniquely 
as a reduced word in the generators rn~i,aj,bj G TTi(Sg t r\D) by 

\ = x^ T x k G {mi, . . . ,b g }, a k G {±1} (97) 

and let f G C°°{H) be conjugation invariant. Then, the Poisson bracket of a general function 
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g G C oc (H n+29 ) with the gauge invariant observable f\ = f°P\ is given by 

n 

{9, f\} = Yl * 06 ( E ^ < 5 + L f^)E i? 6/Ad(m i _ 1 ...mi^7 1 ...^i)A^ ^Ad^-m^*^...*? 1 )\) 
i=l x k =mi,a k =l Xk=rrii,a k =~l 

9 

+ t ^ R ay(J2 Rb fAd(h j - 1 ...m 1 x^-\..^) J \ ~J2 R bfAd(aj\ 1 a j h j - 1 ...m 1 x;*-\..^)\) ( 98 ) 
j=l x k =aj,a k =l x k =a jy a k = -l 

9 

-^t^Ra" 'g^RbJ Ad(&7 1 a J /y_i...mi:r^^^ 

J = l x k =bj ■ ,a k =l x k =bj,a k =—l 

where we write f A d(r)\ = f PtoAot- 1 

Note that both, the observable /Ad(r)A = /a and the right-hand-side of (|98|) . are invariant under 
conjugation A->toAo r _1 with a general element r G 7Ti(5 9jn \D). Although the factors rrii,aj,bj 
in the decomposition of r give rise to additional summands in (|98|) . their contributions cancel 
pairwise. Conversely, two summands in (|98|) which cancel each other can arise only if A is of the 
form A = to Aor -1 , A G 7ti(S g ,ri\D) and both of them result from factors in the decomposition of r. 
As the Poisson bracket of fx depends only on the conjugacy class [A] = {tAt -1 [ r G iri(Sg tr \D)}, 
we can simplify calculations by restricting attention to curves A G tti (S gt7 \D) whose expression as a 
reduced word in rni,7ij,bj is also cyclically reduced. Hence, we have obtained an explicit expression 
for the Poisson bracket of the gauge invariant observable f\ with a general function on H n+29 in 
terms of functions associated to certain elements in the conjugacy class of A. To achieve a more 
geometrical interpretation of the formula (|98[) , we note that the summands in (|98|) are in one-to-one 
correspondence with factors Xp, = mi,a,j,bj in the decomposition (|U7|) of A and their signs - modulo 
an overall sign for generators bj - are given by the corresponding exponents In Sect. [21 we 
showed that factors Xk = rrii,aj,bj in the expression (fT5|) correspond to, respectively, intersection 
points of A with the generators rrij, aj, bj and their exponent oik determines the oriented intersection 
number. Furthermore, the factors r in expressions of the form /Ad(r)A hi are precisely the ones 
in expressions (|3()|) , (|3~T|) , (JH3*|) , in Theorem \\\.2\ which give the splitting of the generators 
rrli,aj,bj as reduced words in rrii,aj,bj to assign these intersection points between the different 
factors in the expression of A. Note also that the ambiguity in moving these intersection points to 
the either the starting point or endpoint of the generators aj, bj which we encountered in Sect. 13.21 
is reflected in formula 1)98(1 . Using the ^4<i-invariance of the bilinear form (, }, the conjugation 
invariance of / and the identity (|95|) . we find 

t ab R a x gR b f Ad{T)x = -t ab L a x gR b f Ad{xr)x Vx G {a u h, . . . , a g , b g }, g G C^(H n+29 ), (99) 

which corresponds to shifting an intersection point at the starting point of x G {oi, b\, . . . , a g , b g } 
to its endpoint. By applying this identity to all factors x^ fe G . . . , a g , b g } where the cor- 

responding intersection point is located at the endpoint of a generator aj,bj, we reproduce the 
assignment in Theorem (|3.2() and obtain 

Corollary 5.2. Consider an element A G iri(S gtr \D) with an embedded representative and given 
uniquely as a product in the generators m,i,aj,bj G tt± (S g r\D) and their duals by 

\ = x°! r ---x% 1 =z\ t O...OZJ 1 Xi ,Zj G {mi,...,b g },ai,5j G {±1}. (100) 
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Assign the intersection points of X with rrii,aj,bj between the different factors z S k k in IjlUUjl and 
to the starting and endpoints of the generators mi,aj,bj as in Theorem \3.°A Then, the Poisson 
bracket (|9*8)) can be written as 

{g,f\}= (ioi) 

^2t ab ^ e ( m ^ t kSk+l)Ra I '9Rbf Ad{z ^... z Si )x -Yl e { m i^kSk+l)La h gRbf AA(z Sk... z ^ )x 
i=l \ k:t k s k+1 r\mi=s mi k:t k+1 s k C\mi=t mi 

9 ( 

+ X/ ah ( Yl e ( a i'^ s fc+i) i?aJ 5 f ^b/ Ad(2 * fc ...^i )A -5Z e ^ a o^kSk+i)L a 3 gRbf Ad{z s k ... z h )x 

k:t k+l s k naj=t a:j 

+ ^Z tClb Yl 4 b j,t k Sk+l)Ra 3 9Rbf Ad{z Sk... z h )x -^2 e ^ h V t k S k+l)La 3 gRbf AA ^ k .,,^ 1)x \- 

j=l \ k:t k s k+1 nbj=s b] ' k:t k+1 s k nbj=t b . 

where e(x, t^s^i) stands for the oriented intersection number of x € {mi, . . . , b g } with the oriented 
segment tkSk+i, and we write t^Sk+i H x = s x if the intersection point of the oriented segment 
tkSk+i with x is located at the starting point of x and t^Sk+i tlx = t x if it is located at the endpoint. 

Corollary ()5.2|) allows us to derive an explicit expression for the Poisson bracket of the Wilson 
loop observables associated to elements X,n £ iri(S g ^ r \D) with embedded representatives. By- 
applying formula (|101[) to the Wilson loop observable g v associated to a conjugation invariant 
function g € C°°(H) and n € iri(S gtr \D), we find that if a given segment ifcSfc+i intersects a 
factors in the expression for r/ as a reduced word in nii,aj,bj at its endpoint and the next factor 
in its starting point with opposite intersection number, the contributions of these factors cancel. 
Recalling the discussion after Theorem l3.4( we note that this corresponds to the graphical procedure 
for removing unnecessary intersection points of the curves representing rj and A. Using the identity 
()99|) . we can express all vector fields acting on g v in terms of the left-invariant vector fields for the 
different arguments and transform them into expressions of the form gAd(r)ri y i a (EH)- We obtain 
the following corollary. 

Corollary 5.3. 

Consider conjugation invariant functions f,g £ C°°(H) and elements rj,X S TTi(S gtr \D) with em- 
bedded representatives and given uniquely as reduced words in the generators mi,aj,bj by 

r] = y ^o...oy^ X = z s t * 0...0 zl 1 Vi , Zj £ {mi, . . . , b g }, A, Sj G {±1}- (102) 

Let pk, k = 1, . . . ,m, denote the intersection points of A and r/ such that p^ occurs between the 
factors yfj fe and yfj+i" 1 in the expression (jlU2|) of r/ and between the factors z 3k and Zj Jk ^ in the 
expression of X and denote by ek(r],X) = e(n,X,pk) the oriented intersection number of n and X in 
Pk. Then, the Poisson bracket of the observables g^ and f\ is given by 

m 

{g 11 Jx} = Y. e k{vA)t ab {Rag) ( ^ k . h . 1 {R b f) ( * jk (103) 

^— ' (y. ■••Vi )or)o(y, ■■■t/i ) (z k —z, 1 )o\o(z h ■■■z, 1 ) _1 

For surfaces S 9i o without punctures, formula (|103j) gives an algebraic version of Goldman's product 
formula, see Theorem 3.5. in Moreover, it generalises this formula to punctured surfaces not 
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considered in jllj . The concept of duality for a set of generators of the fundamental group therefore 
establishes a link between the purely algebraic description of the Poisson brackets of generalised 
Wilson loop observables and the geometrical formulation in terms of intersection points derived in 
jllj . We will find in the next subsection, that this description can be used to obtain an algebraic 
formula of the associated flows on phase space. 



5.2 The flows generated by the Wilson loop observables: the geometrical for- 
mulation 



After determining the Poisson bracket of generalised Wilson loop observables with general functions 
g G C°°(H n+29 ), we will now derive the associated one parameter groups of diffeomorphisms of 
H n+2g these observables generate via the Poisson bracket. 

In the following we will often parametrise elements of the group H in terms of the exponential map 
exp : rj — > H . While we require this map to be surjective throughout this paper, we will not suppose 
that its injectivity. This implies that the exponential map is locally but not globally bijective and 
that the parametrisation of group elements in terms of Lie algebra elements is in general not unique. 
Following Goldman we define for any conjugation invariant function / G C°°(H) a Lie-algebra 
valued map gf : H — *■ f) and an associated one-parameter group of diffeomorphisms Gj : H — > H 

(g f (u),J a ) =R a f(u) = j t \ t =of(ue tJ «) G}(u) = e t ^ Vu G H, a = 1, . . . ,diml), (104) 

where the parameter t G R is restricted appropriately to ensure the bijectivity of the exponential 
map. As the bilinear form ( , ) is non-degenerate, equation (j!04j) defines gf uniquely as 

g f (u) = t ab R a f(u)J bl (105) 

and from the Ad-invariance of the bilinear form ( , ) it follows that the Lie algebra valued functions 
gf : H — > f) and the associated diffeomorphisms Gj : H — > H satisfy the covariance conditions 

gf(gug- l )=ggf{u)g- 1 G^gug' 1 ) = gG^ujg' 1 Vg,u£H. (106) 

For the functions 

G% x = Gf o Px : H n+2 9 - H, (107) 

obtained by composing these diffeomorphisms with the map p\ : H n+2g — ► H to the holonomy 
along A, this covariance condition and the identity (j95|) imply 

G t f>ToXoT . 1 =p T -G t f}X -p- 1 . (108) 

We now consider an element A G 7Ti(S gi1 \D) with an embedded representative and given as a 
reduced word in the generators rrii , aj , bj as in (j!02j) . Corollary 15.21 then implies that the Poisson 
bracket of a Wilson loop observable f x associated to a conjugation invariant function / G C°°(H) 
with functions g y , g G C°°(H), y G {m\, . . . , b g } of the holonomies along the generators is given by 

{g y Jx}=t ab R a g y l ^ e(y,t k s k+1 )R b f Xk \ -t ab L a g y l ^ e(y,t k s k+1 )R b f Xk ) (109) 

\k:t k s k+1 ny=Sy ) \k:t k s k+1 ny=t y ) 

= Yl e (y^kSk+i)^\t=og° (p y -G f Xk ) + ^2 e (y^kSk+i)^\t=og° (G fM ■ p y ) , 

k:t k s k+1 ny=s y k:t k s k+1 ny=s y 
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where X k are the cyclic permutations of the expression (|1U2|) of A as a reduced word in mi, a,j, bj 

x k ■.= (4- ■ ■ ■ ■ ■ ■ ztr 1 = «j . . . ■ ■ ■ z«# vfc = o, . . . ,t. (no) 

This suggests that the flow generated by the Wilson loop observable fx acts on the holonomies 
along the generators mi , dj , bj by right-multiplication with the functions Afc associated to all 
segments t^s^+i which intersect the generators at its starting point and by left-multiplication with 
the functions G^ Xk for segments which intersect its endpoint. It turns out that this is the case and 
that the ordering of these factors G^ Xk is given by the order of the associated intersection points 
on the generator. 

Theorem 5.4. Let A € iri(Sg tJ \D) be an element with an embedded representative, given as a 
reduced word in the generators rrii,aj,bj as in H1U2|) and with associated cyclic permutations (|11U|) . 
Represent A graphically as described in Sect AS.Ha and consider its intersection points with a generator 
y € {mi, . . . ,b g } . Denote by t^s^+i, . . . ,t% k Si k +\ the segments of X which intersect y above its 
starting point such that ti n Sj„+i lies below ij m Si m +i for n < m and by taSjj+i, • • • , t^Sj^x the 
segments which intersect y above its endpoint such that tj n Sj n+ \ lies below tj m Sj m+ \ for n < m. 
Let €i n = e(y,ti n Si n+ \), ej n = e(y,tj n Sj n+ \) the associated oriented intersection numbers. Then, the 
one-parameter group of diffeomorphisms 

Tj x : H n+2g -» H n+2g (111) 

j t goT} tX \ t=0 = {g,f x } \/g G C°°(H n +^). 

generated by the Wilson loop observable f\ acts on the group element representing the holonomy 
along y according to 



where G l fX : H n+2g -> H is given by (tTUTl) and X k by JTTUJ). 

Proof: To prove the theorem, we need to show that the derivatives at t = of the functions in (jll2ft 
agree with the Poisson brackets (|l(Jlj) and that the expression (|112j) defines a one-parameter group 
of diffeomorphism. The first statement follows directly from formula (|1U9|1 . To show that the maps 
Tj x : H n+2g — > H n+2g define a one-parameter group of diffeomorphisms, we have to determine how 
the group elements associated to the curves Aj n and Xj n transform under Tj x . For this we note 
that these curves can be obtained by conjugating the curve representing A with a vertical segment 
from the line containing the starting and endpoints to the segment t Zin s Zin+1 , t Zjn s Zjn+1 as shown 
in Fig. I1UI This vertical segment intersects the horizontal segments t z . s z . 4.1, t z . s z . 4.1 with 
m < n. Hence, we find that the transformation of the holonomies along Aj n , Xj n is given by 

° T h = G 7Z G 7Z--- ■ p** ■ G ^;_ ; ■ ■ ■ G X G X - = , . . . , k m 
p^ ° ?h = G X G X ■ ■ • • p^jn ■ G Ti:: ■■■ G 7,Z G i:z n = °' • • • > l > 



which implies 



G S f \. oT ,= G f : n G f : 12 ■••Gf. • G% , ■ G/"- 1 • • • GTV G7V n = 0,...,k (114) 

te^j, ^.tejr. x-v^ e 7„_i ^ e 7« 1 jr*— t€jr. tC4 



^f,X jn oI f,X~ l*f,\ h G /,A, 2 • ■ ■ • G /,A 3n • ^f,X jn _ t ■ ■ ■ G /,A J2 f,Xj 1 Tl — [J,... ,1. 
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By inserting (|114j) into the definition (|112|) of Tj x we obtain after some calculation 

Tj x o Tj x = T?+* V£, sgl, □ (115) 

Hence, we find that the one parameter group of diffeomorphisms of H n+2g generated by a generalised 
Wilson loop observable f\ acts on the holonomies along the generators of the fundamental group 
by left- and right-multiplication with the functions G^ Xk associated to the segments t^s^+i which 
intersect the corresponding curve on the surface. The ordering of the different factors G^ Xk is given 
by the vertical ordering of these segments, which agrees with the order in which the intersection 
points occur on the generator for intersection points above its starting point and is the opposite 
for intersection points above its endpoint. The unique vertical ordering of the segments tkSk+i in 
the graphical representation of A is therefore crucial to ensure that expression (|112j) defines a one- 
parameter group of diffeomorphisms. This unique ordering of the segments is a direct consequence 
of the fact that A can be represented by an embedded curve. While the formulas (jlUlj) . (|1U3|) 
for the Poisson brackets are valid for general elements A € TTi(S gt1 \D), the associated one-parameter 
groups of diffeomorphisms on H n+2g generated by the observables f\ via the Poisson bracket are 
not of the form (|112|) for elements without embedded representatives. 

The fact that the transformations Tj x : H n+2g — > H n+2g are generated via the Poisson bracket 
allows one to immediately deduce some of their properties. We have the following corollary, see 
also the discussion in 

Corollary 5.5. Consider A,r/ E iri(S giJ \D) with embedded representatives and general conjugation 
invariant functions f,h£ C°° (H) . Then, the associated one-parameter groups of diffeomorphisms 
TfXi'Ihri ■ H n+29 — > H n+29 given by (|112l) have the following properties 

1. Tj x acts by Poisson isomorphisms 



{g o T} >x , k o Tj )X \ = {g, k} o T* >A V</, k G C^(H n+2g ). (116) 



2. Tj A leaves the constraint (|62j) invariant, commutes with simultaneous conjugation of all ar- 
guments of H n+29 by H and acts on the first n components by conjugation. 

3. The transformations Tj x , commute if and only if 

(g f (u),g h (u)} = Vu£H n+29 (117) 
or r] and A are conjugated to elements with representatives that do not intersect. 

Proof: Identity (|116|) is a direct consequence of the fact that the transformations Tj x are gen- 
erated by Hamiltonians. That it leaves the constraint invariant and commutes with the associated 
gauge transformations follows from the fact that it is generated by a gauge invariant function which 
Poisson commutes with functions of the constraint (|62|) . That it acts on the first n components of 
H n+2g by conjugation follows directly from formula (|98|) . ()1U1|) for the Poisson bracket. Finally, 
we note that 

-^-h o r| A o Tl v \ t=s=0 - ^-h o T m o Tj jX \ t=s=0 = {{h, f x },g r ,} - {{h, g v }, f x } = {h, {h,g v }}. 

From expression (|1U3|) for the Poisson bracket and taking into account the identity t ab R a f(u)Rt,h(u) = 
(gf(u),gh(u)) \/u € H one then obtains (|117j) . □ 
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5.3 The flows generated by the Wilson loop observables: the algebraic formu- 
lation 



Formula Q112|) gives an explicit expression for the transformation generated by the generalised 
Wilson loop observables associated to elements A € ni(Sg tr \D) with embedded representatives. 
However, it still relies on a graphical procedure to determine the order in which the intersection 
points of A occur on the representatives of each generator rrii, a,j, bj. We will now use the dual gen- 
erators rfii,aj, bj to derive a purely algebraic formulation, in which the flows Tj A are characterised 
entirely in terms of the expression of A as a reduced word in the dual generators rf%i,aj,bj. For 
this, we recall the discussion from Sect. 13.11 where we demonstrated how the order in which the 
intersection points occur on each generator rrii,aj,bj can be derived from the expression of A as a 
cyclically reduced word in the dual generators rrii , Uj , bj 

A = x^ r ■ ■ ■ x^ 1 x a / + x1 ai . (118) 

It is shown there that the intersection points of A with generators x 6 {a\, . . . , b g } are in one to 
one-correspondence with cyclic permutations r E CPerm(A) with LF(r) = x and that each element 
r € CPerm(A) with LF(r) = rrii corresponds to a pair of intersection points of A with rrii, one at its 
starting point and one at its endpoint and with opposite intersection numbers. For a given factor 
x? k in (|118|) . the associated element r € CPerm(A) with LF(r) = x^ is given by 

■ l k-i -n x r x k «fe — 1 (HQ) 

a k = -l. 

The elements Aj n , Xj n in (|112j) are obtained from the cyclic permutations r via the assignment 
of intersection points between the different factors in the expression of A as a reduced word in 
the generators rrn , a,j , bj given in Theorem 13.21 Using the formulas (|3T?|) , (|3*T|) , (|3*3*)) , for the 
splitting of the dual generators and setting sgn(r) = 1 if r is a cyclic permutation of A as a cyclically 
reduced word in rrii,aj,bj and sgn(r) = —1 if it is a cyclic permutation of A -1 , we find that the 
cyclic permutations associated to the segments Xi n which intersect the generators at their starting 
points are given by 

(rrii-i ■ ■ ■ mi)T^ nn \rrii-i ■ ■ ■ mi) -1 for LF(r in ) = rrii 

(hj-i ■ ■ ■ m 1 )r^ (TiJ (/i j _ 1 • • • mx)- 1 for LF(r in ) = Uj . (120) 

(bfajhj-x ■ ■ ■ m x )Tl^\bfajhj^ ■ ■ ■ m^ 1 for LFfaJ = bj 

Similarly, the cyclic permutations for segments Xj n which intersect the generators at their endpoints 
take the form 

= f(mi_i • • • m 1 )T^ n{Tjn) {rrii^ ■ ■ ■ mi)" 1 for LF(r in ) = m, 
U \{ajhj^ 1 ---m 1 )T^ n \ajh j - 1 ---m 1 )- 1 for LFfoJ =E {aj,bj} ' 

Furthermore, we note that the oriented intersection numbers £i n , Ej n in (|112j) are given by sgn(r) 
for LF(r) = Uj, by — sgn(r) for LF(r) = bj. For LF(r) = rrii, sgn(r) gives the oriented intersection 
number of the intersection point at the starting point of rrii, which is the opposite of the one for 
its endpoint. 
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Hence, if we denote by Ti n ,Tj n G CPerm(A) the cyclic permutations associated via (|119[) . respec- 
tively, to elements Aj n € iri(S gt7 \D) at the right of Y and elements Xj n € iri(Sg <r \D) in (|112|) . we 
find using ifTUgJl 



G 



(Mi-i ■ ■ ■ M l )G) s ^ ) {M i _ l ■ ■ ■ Mi) 
(fl>_x • • • Mi)G^ J • • • MO" 1 
[(Br^.^-.-MOG-^^ 



-i 



B j lA 3 H j-l 



1-1 



' (M_x • • • M x )G-^ Tin) (M_i • • • Mi 
(AjHj-i ■ ■ ■ M 1 )Gf^"\A j H j _ 1 ■ ■ ■ Mi)" 1 



■Mi 



for LF(r in ) = m* 
for LF(t;J = a, 
Mx)- 1 for LF(r in ) =\ 

for LF(r,„) = m, 
for LF(r jn ) = a j 
for LF(r i J = 6, 



(122) 



where |r| = T sgn ( T ) for r € CPerm(A). We now move all factors Gy^ n in (|112|) to the right of 
Y = Aj by conjugating them with AJ 1 and all factors G^y to the left of Y = Bj by conjugating 
them with BJ . Fig. H] implies that the order of the intersection points on the generator aj is the 
order of the associated intersection points on the side aj of the polygon P® n and that the order 
of the intersection points on bj is the opposite of the order of intersection points on the side bj of 
Pg° n - In the case of the generators mj, the order of the intersection points at the starting point of 
rrii agrees with the order of the corresponding points on P® n , while the order of the intersection 
points at its endpoint is the opposite. 

Theorem 5.6. For any embedded A € iri(S gtr \D) given as a cyclically reduced words in the dual 
generators rrii ; 5j , bj and any conjugation invariant f £ C°° (H ) , the transformation Tj A generated 
by the observable fx is given by 



Mi i-> (M, 



i-i 



Mi 



t sgn{r) 
I 

.re CPerm(\) , 
\ LF(t )=m,i / 



IK?; 

r) 
( 



r 1 

(M_x 



M l )- 1 M l {M i _ l ---M l 



IK 



t sgn{r) 

m 

tS CPerm(\) 
\LF(T)=m,i 



(M 



i-l 



(123) 
Mx)- 1 



Aj i-> A,- • (Bj-i ■ ■ ■ Mi) 



t sgn(r) 



U G f,\r 

tS CPerm(\) 
\ LF(T)=aj 



Mi) 



5, 



Mi 



\ 



-i 



t6 CPerm(X) 
\ LF{r)=bj , 



j'-i 



•Mi 



»-i 
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where the ordering of the factors is the one defined by (|27|) ; ()28() . More precisely, for r, € 
CPerm(X), LF(t) = LF(r]) =x, we have 



r< V & LF(t s ) = LF( Vs ) VI < s < k, LF{rJ l ) > LF(Tk) LF^- 1 ) 



(124) 



with the ordering > x defined as in (|24|) and ^,7]^ denoting the cyclic permutations (|17() . // {r € 
CPerm{\) \ LF(t) = x} = {ti, . . . ,t s } and t% < . . . < r s u>i£/z respect to the ordering (|124|) . t/ien 
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the associated product is given by 

U (: J C ! r : ■■■(■ ! f, - (125) 

TeCPerm(\) 
LF(t)=x 

By applying the involution I € Aut(7ri(5 9jn \D)) to Fock and Rosly's description [3| of the moduli 
space of flat connections, we therefore obtain explicit expressions for the Poisson brackets of gen- 
eralised Wilson loop observables associated to curves on Sg )7 \D and the associated flows on phase 
space. These expressions generalise the results of Goldman, see in particular Theorem 3.5. and 
formulas (4.4), (4.6) in to the case of surfaces with punctures. While the results in are 
obtained via cohomological methods and characterise flows and Poisson brackets geometrically in 
terms of the intersection behaviour of curves on the surfaces, Theorems 15 . 1 1 IB~H and give concrete 
expressions in terms of the holonomies along the generators of the fundamental group iri(Sg tr \D). 
Moreover, the resulting formulas are purely algebraic and characterise flows and Poisson brackets 
in terms of the expression of the associated curves as reduced words in the dual generators. 

This explicitness presents an advantage in physical applications of the theory such as the Chern- 
Simons formulation of (2+l)-dimensional gravity and, more generally, the quantisation of Chern- 
Simons theory. Most approaches to quantisation such as Alekseev, Grosse and Schomerus' combi- 
natorial quantisation formalism [HI 13 El for Chern-Simons theory with compact semisimple gauge 
groups and the quantisation procedures in |Hj and ^JEl for, respectively, gauge group SX(2,C) 
and semidirect product gauge groups G x g*, are based on Fock and Rosly's description of the 
moduli space and take the holonomies along a set of generators of the fundamental group as their 
basic variables. The formulation in this paper could therefore serve as a framework for the in- 
vestigation of the associated observables and transformations in quantised Chern-Simons theory. 
Moreover, it is used in ^21 to investigate the role of these flows in the Chern-Simons formula- 
tion of (2+l)-dimensional gravity and to relate them to the geometrical construction of evolving 
(2+l)-spacetimes. 

5.4 Example 

We conclude this section by determining the transformations Tj x for a concrete example. We 
consider the element 

A =a q o mi o mj 1 o o mj o orrij l<i<j<k<l<n, q £ {1, . . . , g} (126) 

=(mj 1 • • • m,^) o (fnj 1 • • • h^a^bqCLq) o (h q -i ■ ■ ■ m i+ i) o (mj-i ■■■m j )o (fnj^ ■ ■ ■ m k x )o 
o(m k -i ■ ■ ■ rfij+i) ° (mj 1 ■ ■ ■ mj\) o (mj ■ • ■ m i+1 ) o (m»_i ■■•mi), 

whose graphical representation is shown in Fig. I1UI By using the graphical representation in 
Fig. El and the definitions (j!12|) , (|llfl|) we can determine the action of the one-parameter group of 
diffeomorphisms associated to a conjugation invariant function / € C°°(H n+29 ). We find that 
their action on the holonomies along the generators mi,aj,bj is given by 
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1 1 




Figure 10: The graphical representation of A = a q o mi o mj o o o mf o rrii (full line), 
its intersection points with the generators m s (dashed line, white circles) and with a vertical line 
based at s mi (black circles). 



Mi ' ► GJ* A • Mj • G} jA (127) 

M s ^ GJ^G^ • M s • G- f %G), x \/i<s<j 

M i *-> G f!\ Gt fM G fM Gt f,*s • M i • G fM Gt f,\2 G jM Gt f,\ 

M * - ^.^U^A^U^l^A. • ^ • G 7^M G 7!x 3 G h, G 7M G h j < S < k 

M k ^ GJ^G^GJ^G^GJ^ ■ M k ■ G^^GJ^ G^^GJ^G^ 

M s - g 7% g )m g 7m g )m ■ M s ■ G 7k G h* G 7k G h k<s<l 

M l »G%G t fM -M l -Gj* Xl G t f , x 

Y h-> G~ f * x G) M ■ Y ■ GJ* X G% X Y e {M l+1 , . . . , M n ,A 1 ,B 1 , . . . , Vi,5,-i} 
A q i ^ G /A • A g • G^ A 
B q ^ B q - Gj A , 

where we omit the argument (Mi, . . . , B g ) of the functions G^, list only those generators which 
do not transform trivially and set 

A = A (128) 

Ai = rrii o A o m^ 1 = rrii o a q o mi o mj 1 o m*, o rrtj o m^ 1 

A2 = (m^rrii) o A o (m^mj)^ 1 = m^ 1 orrii o a q omi o mj 1 o m k o mj 

A3 = (a^rr^) -1 o A o (a q mi) = mj 1 o o mj o m^ 1 o a q omi 

A4 = (agiriimj 1 )^ 1 0X0 (a q mim^ 1 ) = m k o mj o mT" 1 o a q orti\o mj 1 
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A5 = (ijijm, nii) o\o (rrijm, mi) = mj o m 
Xq = Oq 1 o A o a q = mi o mj 1 o o m-/ o m^ 1 c 




The ordering of the horizontal segments in Fig. EH then implies that the transformation of the 
holonomies along the cyclic permutations Aj is given by 



A straightforward but lengthy calculation shows that this agrees with the transformation obtained 
from the expressions (|128[) and the transformation (|127j) for the holonomies along the generators. 

6 Dual generators and the mapping class group 

In this section, we apply the results of Sect.^to a specific set of generalised Wilson loop observables 
which are constructed from the Ad-invariant symmetric bilinear form ( , ) in the Chern-Simons 
action. We show that the associated one-parameter groups of diffeomorphisms are related to the 
Dehn twists around embedded curves on the surface S gj1 \D. This allows us to determine the 
transformation of Fock and Rosly's Poisson structure under the action of the mapping class group 
M&p(Sg ir \D) and under general automorphisms of iri(S gt1 \D) which arise from homeomorphisms 

of Sg,r\D. 

The mapping class group M&p(S gjT \D) is the group of equivalence classes of orientation preserving 
homeomorphisms of S 9tr \D which fix the punctures as a set and fix the boundary of the disc D 
pointwise. Two homeomorphisms are identified if they differ by one which is isotopic to the identity. 
The pure mapping class group PM&p(S 9tr \D) is the subgroup of M&p(Sg tT \D) which contains the 
equivalence classes of homeomorphisms that fix each of the punctures and is related to the mapping 
class group Map(S 9tr \D) by the short exact sequence 



where i is the canonical embedding and it : Map(S , 9in \D) — > S n the projection onto the symmetric 
group that assigns to each element of the mapping class group the associated permutation of the 
punctures. As explained in ^)JE]) the pure mapping class group PMap(»S 9ir! \.D) is generated by 
Dehn twists around a set of embedded curves, and a set of generators of the full mapping class 
group Map(S , 9j „) is obtained by supplementing this set with n — 1 elements which get mapped 
to the elementary transpositions via it. A set of generators of the pure and full mapping class 




(129) 



1 -» PMap(S ff , n \£>) ^ M a p{S g ,n\D) ^ S n -» 1 



(130) 
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group and their action on the fundamental group is given in the appendix. Each element of 
the mapping class group induces an unique automorphism of the fundamental group 7Ti(5 Sjn \-D) 
which maps the loop around the disc to itself and acts on the loops around the punctures by 
conjugation and permutations. Via the identification of the generators mi,aj,bj with the different 
copies of H in the product H n+2g each element (p G M,ap(Sg >r \D) then induces a diffeomorphism 

We consider the generalised Wilson loop observables associated to an element A G m(Sg !T \D) with 
an embedded representative and to the bilinear form ( , } in the Chern-Simons action. Using the 
parametrisation via the exponential map and composing, we obtain a conjugation invariant function 
t : H -> K by setting 

t(e paj «) := ±(p a J a ,p a J a ). (131) 

As we require the exponential map to be locally but not globally bijective, the parametrisation by 
elements of the Lie algebra fj is in general not unique. To obtain a unique parametrisation, one has 
to restrict the Lie algebra elements p a J a appropriately, which implies that the function t defined in 
(|131|) is locally but not globally C°°. However, as we are only interested in the local properties of 
this map, we will not address this issue further. To determine the flows generated by the associated 
Wilson loop observables t\, we need to derive the maps gi : H — > f), : H — > H defined in (|l(J4j) . 
We use a result by Goldman summarised in the following lemma. 

Lemma 6.1. (Goldman \TTj) 

Let s G h* <8> f)* be an Ad-invariant, symmetric bilinear form on f) and consider the associated 
function s : H — > M., s(e paJa ) = s(p a J a ,p a J a ). Then, the action of the left-and right-invariant 
vector fields on s is given by 

R a ~s{z pbJb ) = -L a s(e pbJb ) = 2 s(J a , J b )p b ■ (132) 

By applying formula (|132|) to the function t : H — > R, we find that the maps g^ : H — > f), 
Gi : H H in (fTMl) take the form 

9i (e paJa ) = p a G}(e paJ ") = e tpaJa . (133) 

For flow parameter t = 1, the diffeomorphism G l ~ : H — > H is the identity map on H n+2g . This 
implies that the associated flows T- X A defined by 1)112(1 act on the group elements associated to 
the generators of the fundamental group by left- and right-multiplication with the holonomies of 
certain elements in the conjugacy class of A and correspond to an automorphism of the fundamental 
group iri(Sg t n\D). Together with the dependence of this transformation on intersection points, this 
indicates that the transformation T/. should be related to the diffeomorphism of H n+2g induced 
by the Dehn twist around A. 

Theorem 6.2. 

1. For any embedded A G TTi(Sg ; n\D), the associated one-parameter group T~ . : H n+29 — > H n+2g 
of diffeomorphisms of represents an infinitesimal Dehn twist around A 

T ix = D ^ ( 134 ) 

where D\ : H n+2g — > H n+2g is the diffeomorphism of H n+2g induced by the action d\ G 
Aut(TTi(S g>r \D)) of the Dehn twist around A on the fundamental group 7Ti(Sg ;1 \D). 
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2. The mapping class group Map(S gjT \D) acts by Poisson isomorphisms 

{f°%,9°%} = {f>9}°*v Vf,geC°°{H n+2 !>),veM a p{S gjr \D). (135) 

Proof: The general reasoning follows the proof in where an analogous statement is proved for 
Chern-Simons theory with gauge groups of the form H = G ix q* . 

1. We start by proving identity Q134|) for the set of generating Dehn twists given in the appendix. 
For this, we have to determine the Poisson brackets of the associated Wilson loop observables, which 
can be done either by expressing the curves in terms of the dual generators rrli,aj,bj and using (|98|) 
or via the graphical procedure in Sect. l3~2l and formula (|101|) . Expressed in both, the generators 
rrii, aj, bj and their duals, the curves (|159|) for the generating Dehn twists in the appendix are given 
by 

di = (mf 1 • • • ht\) o bi o (hi-i ■ ■ ■ mi) i = l,...,g (136) 

5 % = aT l o br 1 o a* = (m^ 1 • • • h^) o a" 1 o fa-i • • • m"i) i = l,...,g 

a>i = a^ 1 o ftr 1 o aj o bi-% = (m^ 1 ■ ■ ■ h i \) o ar 1 o a i _ 1 o h i \ o (/ij_i • • • mi) 

t— l — i 



ej = a i 1 o 6 i 1 o ai o • • • /ii = (m 1 1 • • • m n ) o h 1 • • • h i _ 1 o a,. 1 o (m n • • • mi) i = 2, . . . , g 

= m^o m u = (mT/ 1 ■ ■ ■m~l 1 ) o (m" 1 • ■•m^ 1 o m M _i • ••m„ + i) o (l„-i • ■•mi) 1 < v < fj, < n 
Kv,n+2i-i = aT l obT l o ai o m u = (mf 1 • • • m~\) o (mf 1 • • • o af 1 o hi-i ■ ■ ■ m u+1 ) o (m u -i ■ ■ • mi) 
K v ,n+n = biom u = (mf 1 • • • mf^) o (mf 1 •■•/i i 1 oa,o /tj_i • • -m^+i) o (m^-i • ••mi), 

and a lengthy but direct calculation yields the Poisson brackets of the associated Wilson loop 
observables with a general function / E C°° (H n+2 ' J ) 

{f,t ai }=p a ai R*>f (137) 

{f,t ai }=p a Qi (R^+L^- 1 +R^- 1 +L^ 1 )f 
i-l 

{f,t e J=p a ei (R^ + Y,Ra J +L»')f 

3=1 

j=u+l 



/ n t— 1 

+ - C^m*-^-) I E ^ + ^ + E ^ + ^ + ^ + ^ J I / 



j=u+l j=l 




i-l 

,M,- , ,Mi , \ -* „A,- , r A,- , -r.B, , r _B,- 



3=1 
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where we denote by p a : H — > R, a = l,...,dim f), the maps p a : u = e kbJb i— > /c a and set 
P\ = P a PA- 

By using the graphical representation defined in Sect. 13.21 we can determine the intersection points 
of these curves with representatives of the generators rrii, a,j, bj and assign them between the different 
factors in the expression (|136j) . Using this assignment of intersection points, we can derive the one 
parameter groups of transformations associated to the brackets (|137j) 

l| a . :Bi ^ BiAi 1 (138) 
T iA :A ^ A { Hl = B7 l A l (139) 

T L :A * » A ^ ( 14 °) 

Bi-i i-> H^Bi-iH^. 

5 fc -> H-*B k Hl VI < fc < i 



^ :M " " H «l M » H l,» ( 142 ) 



Tj :M U H~ l M v Hl (143) 



1 1 Ki/,n+2i — 1 



X ~ [HKl n+2i _ v M v \X[M v ,H-l n+M J X e {M v+1 , ...,M n ,A 1 ,.. .,B^} 

T L,n +2i ^ " Kn +2i M « H kn +2i ( 144 ) 

X ~ [H^ n+2t ,M,}X[M„H-l + J X e 

where we write X* := e tp ° Ja for X = e paJa € and set H\ = p\(M\, ... ,B g ). By comparing 
expressions (|138|) to (|144(l with the formulas ()16U|) to (|166|) for the action of the Dehn twists on the 
generators of the fundamental group TTi(S gt1 \D), we see that these expressions agree if we set t = 1 
and replace m, a, b in (|16U|) to H166|) with the corresponding capital letters. Hence, the identity 
Q134|) holds for the generating Dehn twists ()16U|) to H166|) , 

2. As Corollary 15.51 implies that the transformations Tj x : H n+2g — » H n+2 ' J act by Poisson 
isomorphisms, the same holds for the generating Dehn twists the transformations (|138|) to l|144jl 
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and hence for all elements of the pure mapping class group PMap(S' gin \D). To prove the invariance 
of the Poisson structure under the full mapping class group Map(S* 9jn \-D), it is therefore sufficient 
to demonstrate that Q135JI for the transformations on H n+2g induced by the transformations (|167|) 
which permute the punctures. This can be verified by direct computation using the expressions (|79|). 
I|80jl. Q81[) for the Poisson bracket. For a proof the analogous statement for the (2+l)-dimensional 
Poincare group and gauge groups of the form G x g* , see also [I] , ^S] . 

3. To prove that identity (|134|) holds for any embedded curve, we make use of the fact that the 
mapping class group Map(S* 9jn \-D) acts by Poisson isomorphisms. We consider an embedded curve 
A G 7ri(Sg tT \D) and an embedded curve r\ G 7Ti(5 5jn \D) obtained from A via the action of an element 
ip G Map(S gtn \D) on 7Ti(S g , n \D) 

r, = 99(A) <p G Msq>(S g , n \D). (145) 

From the geometrical definition of the Dehn twists it follows that the action : H n+2g — > H n+2a 
of the Dehn twist along r/ is given by 

D v = o D\ o (146) 

where ^ : H n+2g — > H n+2a is the diffeomorphism induced by p. On the other hand the definition 
([7H|1 of the maps p\ : H n+2g — > H implies 

/V(A) = Px o (147) 
Using identity (|111|) and the fact that the diffeomorphism & v is a Poisson isomorphism, we obtain 

j t \t=of o % o = {/ o ^,t v } = {/ o ^,t x o d> v } = {f,t x } o <D V = A| t=o/ o Tj x o (148) 
and therefore 

By setting t = 1 and combining this identity with the corresponding identity (|146|) for the Dehn 
twist around 77, we find that identity (|134j) holds for r\ if and only if it holds for A. 

4. Hence, it is sufficient to prove (|134j) for one element in each orbit of the action of Map(S' 9jn \L') 
on TTx(S g)1 \D). A set of curves A G TTi(S gi1 \D) spanning the orbits of the action of Map(5 gin \L>) 
can be obtained using results from geometric topology. It has been shown, see for instance Lemma 
2. 3. A. in ^S], that the equivalence classes of all non-separating curves 7 on the surface S 9i1 \D, are 
in the same orbit under the action of the mapping class group. We can apply the same argument to 
separating curves if we keep in mind that the punctures of the surface S 9tr \D can be distinguished 
via the conjugacy classes assigned to them. Hence, any two separating curves 7, 7' on Sg jr \D such 
that the two components of (Sg t n\D) \ *y and (S g ,n\D) \ r y l contain the same number of handles and 
the same sets of punctures are in the same orbit under the action of the mapping class group. We 
therefore have to prove (|134|) for a single non-separating curve, such as the generators a^, 5i, a^, 6j, 
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1 < ji < h < ■ ■ ■ < 3s < js+i ■= 9, 1 < k < n < ■ ■ ■ < V < V+l := n. 

Using formula (|98|) or (|1U1|) . we can determine the Poisson bracket of a general function / £ 
C°°(H n+2 9) with the Wilson loop observable t i 1 ...i r j 1 ...j s and obtain 

\fe=l k=l J 

r 

Y,^ 1 '- 1 " ' *- ~ P{rni k ---m il )o< 1 n-- A r]i--ia ( mih ... rnii )-l) / ' J (Ra j +L a J )f 
k=l i k <j<i k+1 

s-1 ^ 

+ ^(P°vi " ' ~ ^ fe ---h n m lr ---m l Jo 7 i i---^Jl---^o(/i Jft ---/ijim Ir ---m ll )- 1 ) ( R a 3 + L a J + R a J + L a J ) f 

k=0 jk<j<jk+i 

where we set i r +\ = n, jo = 0, hj = 1. Using the graphical representation of ^\—ir3\—3s defined i n 
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Sect. we can determine the associated one-parameter group of diffeomorphisms 

')T»l...»rJl...j a 



T~ :M i .t-^H- t . . . M ik Hi. .. . k = l,...,r (152) 



1\/T- 
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■■irjl 




... fc 

l--.tr ji.-.js 


— 1, . . . , r 
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u-t 
7»i- 
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.irjl- 




...»rJi---Js 


= 1,. . . ,s 




Mj 


r rr— t 


■■irh 


.,v M v 




1\ /f zj — t 1 

'J-' 7*i—«r31—Ja J 


k<3 < k+i 




r TT—t 
-> [#7n. 


■ ■irix 


.,V M v"- 


■Mi^MjlMir ■ 


71 .T rr — £ 1 

• • , H„. . . . 

72 1 ...SrJl.-.Js J 


i r < j < n 




r -TT — t 

- [^7n.. 


irjl- 




M tl ]A 3 m r -- 


• M h , fr~* . . . ] 


i<3 < h 






■ irh- 




M tl ]B [M lr -- 


• Mjj , R~ l . . . ] 

7tj....*rJi— Js J 


l<<j< ji 




- [<.. 


irh- 


. Js ' #h " " " 


M ii) A jl H h ■ ■ ■ 


M ix , H~ l . . . ] 

7*i—«r31— 3s J 


31 < 3 < 31+1 


B r 




■ irh- 


■is ' ^! ' ' ' 


M h] B j[ H 3l '•■ 


M^H-} . . . ] 

'i 7n---*rJl---Js J 


3l <3 < 31+1 



where we write H\ = p\(M\, . . . ,B g ) and for X = e paJa G H, X 1 := e tp * Ja . The action of the 
Dehn twists around r yix...i r jx—j a on the generators of the fundamental group TTi(S gjJ \D) is given by 

cL. . '.mi, i— > 77 1 mi.'yi, j o, i fc = l,...,r (153) 

7ti...trJl---Js A fc Ul--.lr.71-- -.7s fc I i X--- L rJX---Js 5 5 V / 





i — ► -7. 1 . . 

'tl.-.lrjl 


...j a m ik r Yix—irjx—js k — 1, . . . ,r 








'iX-.-trJX- 


.j a Vix 


-irh— 3s k — 1, ■ ■ ■ ,S 








'll...lrjl- 




■irjl-.-js k = 1, . . . , S 






m j h 


L 'll...lrjl 




■■ m h\™j[% 1 ...i r jx...js' m n 




ii<j< h+i 




-» f7r 1 . . 

L 'li...lrjl 


.-is> m V 


'"j .',-[,. ;„...;,.■»''. 


• • -m-hY 1 


i r < j < n 




> f7r 1 . . 

L hx...i r jx- 


-is' m V- 


■■ m ix]aj[% 1 .. ir jx...j 3 > m ir • 




1 < i < ii 




L 'li-.lrjl- 


is' m V" 


•™n]M7^.U.;i...j 3 > m v- 


■mixV 1 


1 < j < ii 




> hr 1 . . 

L hx...i r jx- 


,j s ' ^ii ' ' 


•^iJaib^irii.-is'^V 


mix]' 1 


^ < i < ij+i 




L 'li...? r Jl- 


h ■ ■ ■ 


• ^J^^Lril.-Js 


rriixV 1 


JJ < 3 < 3l+i, 



and comparing with expression (|152[) . we find that the diffeomorphism of H n+29 induced by the 
Dehn twist (|153() agrees with the transformation (|152|) for t = 1. Hence, equation (|134|) holds for 
the separating curves 7 n '" lr ^— i s and therefore for all embedded curves A G TT\{S g:1 \D). □ 

The Wilson loop observables associated to the bilinear form ( , ) in the Chern-Simons ac- 
tion therefore act as the Hamiltonians for infinitesimal Dehn twists along embedded curves A G 
ni(Sg tT \D). While the number and form of other Ad-invariant functions / G C°°(H) is a property 
of the gauge group H, the observables t\ are present generically in Chern-Simons theory and the 
associated transformations have a geometrical interpretation. The fact that Dehn twists are in- 
finitesimally generated via the Poisson bracket allows us to determine the transformation behaviour 
of the Poisson bracket and the transformations Tj A under a general automorphism of the funda- 
mental group TTi(Sg t r\D) which arises from a homeomorphism of S gr \D. We have the following 
theorem. 

Theorem 6.3. Let <p G Aut(ni(Sg t n\D)) be an automorphism of the fundamental group which 
satisfies the requirement with w = 1, ip(mu) = m^ 1 , and denote by ^ : H n+29 — > H n+29 the 
induced diffeomorphism of H n+2g . 
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1. Then, the transformation of the Fock-Rosly Poisson bracket { , } r associated to the classical 
r-matrix r under is given by 

{/<-•„/ <-•,},= (<'•«}' 'f^) =m D V/ ,, 6 (154) 
[{f,9}-a(r) ®<p if(p{m D )=m D 

2. For any conjugation invariant f E C°°(H) and any A E Tti(S g n\D) with an embedded repre- 
sentative, the flow Tj x generated by the observable fx satisfies 

T t = l% loT f,x°% if^{m D )=m D 

Proof: To prove identities (|154|) . (|155jl we note that automorphisms (p E Aut(7ri(5 ffi7l \£))) satis- 
fying the conditions Q with (p(m£>) = mr> correspond to elements of the mapping class group 
Map(S 9jn \Z)), while automorphisms with (p(mr>) = m]) 1 are obtained by composing elements of 
the mapping class group M.ap (Sg t7 \D) with the involution I 

tp(m D ) = mj) 1 3^ E Map(S 9jn \L>) : ip = ipoI. (156) 

In the first case, identities (|154|) . (|155|) follow from the proof of Theorem l6.2l For automorphisms of 
the form Q15fi|) . we note that the diffeomorphisms & ri , Q T : H n+2a — > H n+2a associated to arbitrary 
r],T E Aut(7Ti(5 9in \D)) satisfy <& TOri = & v o <3? T . Recalling identity from Theorem 14. HI which 
specifies the transformation of the Poisson bracket under the diffeomorphism <3?/ associated to the 
involution, we then find 

{/ ° ^oj, 9 o $Vo/}r = {/ o $/, g o $/} r o ^ = {/, g}_ a(r) o o $^ = {/, 5 }_ (j(r) o $^ oJ . (157) 

To prove identity (|155|) . we apply (|154j) to the bracket of the observable //(a) with a general function 
g E C°°(H n+2 9) 



^\t=o9 oT f,i(x) = {//(A), 9} = {fx ®l,g} = -{fx, 9° $/} o $/ = ~^|t=05 oT /,A */ 
T li(x) = */ ^ */ V/ E C°°(if). (158) 



Using the identity $^ Q j = 3>j together with ()157|) then proves the claim. □ 



7 Outlook and Conclusions 



In this paper we defined the dual of a set of generators of the fundamental groups 7Ti(5 Sin ), 
■Ki(Sg iT \D) and applied it to the moduli space of flat connections on Sg jTl . This dual is given 
by an involution of the fundamental group 7ri(S g<r \D) and can be viewed as a dual graph for the 
set of curves representing these generators. In particular, the expression of the homotopy equiva- 
lence class of a general embedded curve on 5 9>n \Z) in terms of the dual generators determines both 
the number of its intersection points with the representatives of the generators and the order in 
which the intersection points occur on these representatives. 
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By applying this involution to Fock and Rosly's description 3 of the moduli space of flat H- 
connections, we showed that the Poisson structure takes a particularly simple form when expressed 
in terms of both the holonomies along the original generators and those of their duals. This allowed 
us to give explicit expressions for the Poisson brackets of the Wilson loop observables associated 
to general conjugation invariant functions on H and general embedded curves on S g;r \D and to 
derive the associated flows on phase space. For the generic observables constructed from the non- 
degenerate Ad-invariant bilinear form in the Chern-Simons action, we showed that the associated 
flows represent infinitesimal Dehn twists. Using the fact that these Dehn twists are generated 
via the Poisson bracket, we determined the transformation of the Poisson structure under general 
automorphism of ni(S g ,n\D) induced by a homeomorphisms of S 9tr \D. 

The results in this paper generalise Goldman's classic results on twist flows jllj to surfaces with 
punctures. However, in contrast to the formulation in our description of these flows is purely 
algebraic and gives concrete expressions for their action on the holonomies along a set of generators 
of the fundamental group iri(S gtr \D). As the holonomies along these generators appear as the basic 
variables in many approaches to the quantisation of Chern-Simons theory 13 El DDI > this could 
prove useful in applying the results to the associated quantum theories. 

In the case of infinitesimal Dehn twists the associated quantum transformations have been deter- 
mined for some gauge groups. For Chern-Simons theory with compact semisimple gauge groups, 
the quantum action of the Dehn twists has been derived by Alekseev, Grosse and Schomerus [El III El 
who found that it is implemented via the ribbon element of the quantum group arising in the combi- 
natorial quantisation procedure. The case of semidirect product gauge groups G ix 0* is investigated 
in ^Hl) where it is shown that the mapping class group acts on the representation spaces of the 
quantum algebra and that the action of Dehn twists is given by the ribbon element of the quantum 
double D(G). This raises the question if the implementation of Dehn twists in the quantum theory 
via the ribbon element of an associated quantum group is also present for other gauge groups such 
as the group SX(2,C) investigated in [S]. It would also be interesting to use the results of this 
paper to determine the quantum action of the flows generated by other Wilson loop observables 
and to see how these flows reflect the properties of the quantum group arising in the quantisation 
of the theory. 

Finally, Wilson loop observables and the transformations these observables generate via the Poisson 
bracket play an important role in the Chern-Simons formulation of (2+l)-dimensional gravity. For 
(2+l)-dimensional gravity with vanishing cosmological constant, it is shown in that the flows 
generated by a particular set of Wilson loop observables correspond to the construction of evolving 
(2+l)-spacetimes via grafting. The results of this paper allow one to generalise these results to 
other values of the cosmological constant, for which the Poisson structure is more involved, and to 
establish a common framework which treats the cosmological constant as a deformation parameter 
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Figure 12: The curves associated to the generators of the mapping class group PMap(S Si „\.D) 

A The generators of the mapping class group 

In this appendix we give a set of generators of the mapping class groups Map(S 9jn \L>) and Map(S , 9in ) 
and provide explicit expressions for their action on a set of generators of the fundamental groups 
■Ki(Sg tT \D), TTi(Sg tn ). A set of generators and relations of the mapping class group on oriented 
two-surfaces was first derived by Birman |17l I16j . In this paper we work with the set used in , 
which was first presented in |2L)| . see also |21j . 

Both the pure mapping class group PMap(Sg !T \D) and PMap(5 s>n ) are generated by a finite set of 
Dehn twists around certain curves on the surfaces S 9)1 \D, S g;n , but the latter with additional rela- 
tions. These curves are depicted in Fig. ^1 and in terms of the generators rrii, dj, bj of 7Ti(S S;n \D), 
iri(Sg tn ) their homotopy equivalence classes are given by 

a, i = l,...,g (159) 
<5i = <h l o for 1 o aj i = 1, . . . , g 
ai = o for 1 o tij o bi-i 

ei = ar 1 o for 1 oajo h^i ■■■h 1 = i = 2, . . . , g 
K u ,ii = "V ° m v 1 < v < fj, < n 

K u ,n+2i-l = aj ° bj OCLiOmy 
K„,n+2i = biOm u . 

Dehn twists around embedded curves representing the elements (|159|) induce automorphisms of 
the fundamental groups iri(S gtr \D), 7Ti(5 ffjn ) which are given by their action on the generators 
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rrii, dj, bj. in the following we list only those generators which do not transform trivially. 



d a , -h i-> hen 



(160) 



dg t :ai i-> didi = b i m 

d Qi :cii i ^ b^mbi-i = aiai 
bi-i i ^ a^^i-iai 



(161) 
(162) 



d ei :aj h-> 6j 1 a i k i ^i ...ki = a^i 
l. 



6 fc h-> e, _1 6 fc ei 



Vl< k < i 



(163) 



m. 



(164) 



Vv < j < fi 



a; 



a i K v,n+2i— 1 



X l—> [/V,n+2i-l> "V]^ K u,n+2i-l\ 



(165) 



x G {m„ + i, . . . ,m n ,ai, . . . , 



X 



V,n+2'/ - '"'-'J 



(166) 



x e {m I/+ i,...,m n ,oi,...6 i _i} 



A set of generators of the full mapping class group of the surface S gtT \D is obtained by supple- 
menting this set of generators with the generators a 1 , i = 1, . . . , n of the braid group. The action 
of these generators on the loops rrii around the punctures is shown in Fig. 1131 They leave invariant 
all generators of the fundamental group except rrii and rrii+i, on which they act according to 



a :rrii 1— > rrij+i 



(167) 



m i+ i 1 * m i+ im i m i 



i+l ■ 
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